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We present the second-order general relativistic description of the observed galaxy number density in a cos-
mological framework. The observed galaxy number density is affected by the volume and the source effects,
both of which arise due to the mismatch between physical and observationally inferred quantities such as the
redshift, the angular position, the volume, and the luminosity of the observed galaxies. These effects are com-
puted to the second order in metric perturbations without choosing a gauge condition or adopting any restrictions
on vector and tensor perturbations, extending the previous linear-order calculations. Paying particular attention
to the second-order gauge transformation, we explicitly isolate unphysical gauge modes and construct second-
order gauge-invariant variables. Moreover, by constructing second-order tetrads in the observer’s rest frame, we
clarify the relation between the physical and the parametrized photon wavevectors. Our second-order relativistic
description will provide an essential tool for going beyond the power spectrum in the era of precision measure-
ments of galaxy clustering. We discuss potential applications and extensions of the second-order relativistic
description of galaxy clustering.
PACS numbers: 98.80.-k,98.65.-r,98.80.Jk,98.62.Py
I. INTRODUCTION
Cosmology has seen its golden age, in particular due to the recent developments in the cosmic microwave background exper-
iments such as the Wilkins Microwave Anisotropy Probe [1] and Planck [2] and in the large-scale galaxy surveys such as the
Sloan Digital Sky Survey (SDSS; [3]), the Two degree Field Galaxy Redshift Survey (2dFGRS; [4]), and the Baryonic Oscil-
lation Spectroscopic Survey (BOSS; [5]). Furthermore, in order to exploit the enormous statistical power in three-dimensional
volumes, a large number of galaxy surveys are planned to be operational in a near future such as Euclid, the Dark Energy Spec-
troscopic Instrument (DESI), the Large Synoptic Survey Telescope, and the Wide-Field InfraRed Survey Telescope (WFIRST),
going progressively higher redshifts with larger sky coverage. These surveys will be able to deliver precise measurements of
galaxy clustering on cosmological scales, in which alternative theories of modified gravity or dark energy models deviate from
general relativity and in which the fingerprint of inflationary models remains intact. In particular, this is the regime, in which
the standard Newtonian description of galaxy clustering breaks down, and therefore it is crucial to have a proper relativistic
description to avoid misinterpretation of galaxy clustering measurements on large scales.
The standard Newtonian description of galaxy clustering is based on the assumption that the speed of light is infinite. However,
the light we measure in galaxy surveys propagates throughout the Universe at a finite speed, and its path is affected, not only by
the matter fluctuations, but also by the relativistic contributions such as the gravitational potential or the curvature of the Universe
along its entire journey to reach us. Therefore, the relation between the physical quantities of source galaxies and the observable
quantities in galaxy surveys is nontrivial, and it requires a proper relativistic treatment for solving the geodesic equation. Given
the observed redshift and the observed galaxy position on the sky, the full relativistic formula of galaxy clustering can be derived
[6, 7] by tracing the photon path backward in time and identifying the relation of these observable quantities to the physical
quantities of source galaxies and the fluctuations that affect the photon path.
The relativistic formula provides the most accurate and complete description of galaxy clustering on large scales and clarifies
the physical origin of all the effects in galaxy clustering [8] such as the redshift-space distortion, the gravitational lensing, and
the Sachs-Wolfe effect. It was shown [6, 9] that the relativistic effect in galaxy clustering is measurable in the current galaxy
surveys and its detection significance can be greatly enhanced if the multi-tracer technique [10, 11] is employed, which altogether
provides great opportunities to test general relativity and probe inflationary models on cosmological scales in upcoming galaxy
surveys. Furthermore, the relativistic description of galaxy clustering has been independently verified in recent years [12–15]
and has received attention with various applications (e.g., see [16–24]).
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2The relativistic description of galaxy clustering is computed so far to the linear order in metric perturbations. For Gaussian
perturbations, the linear-order relativistic formula is all we need to describe galaxy clustering on large scales, where perturbations
are linear. However, the Universe is far from being a complete Gaussian, even on large scales. For example, many inflationary
models have extra degrees of freedom supplied by additional fields originating from the standard particle physics models or its
supersymmetric extensions [25–27]. These new fields often couple to the inflaton field during the epoch of perturbation gener-
ation, and this nontrivial coupling leaves deviations from statistical isotropy in the two-point correlation function of curvature
perturbation. Even in the absence of additional fields in the simplest inflationary model, tensor modes of gravitational waves can
induce non-vanishing bispectrum in curvature perturbations [28].
Even on large scales the Universe deviates from perfect Gaussianity, and these inflationary models manifest themselves in the
three-point correlation function or the bispectrum in Fourier space. Since these three-point statistics vanish at the linear order, the
second-order relativistic effect is needed to compute the three-point statistics and thereby to extract additional information about
non-standard inflationary models. Furthermore, this non-trivial coupling is intrinsically subtle second-order relativistic effect
and affects not only the initial curvature power spectrum, but also the photon propagation, demanding consistent second-order
relativistic treatments for its observable effects in galaxy clustering. In other words, while the second-order relativistic effect is
subtle and small in comparison to the linear-order relativistic effect, it contains the distinct physical information about the early
Universe. These arguments make a strong case for going beyond the linear-order relativistic effect in galaxy clustering. Here we
develop the second-order general relativistic description of galaxy clustering, providing an essential tool in the era of precision
cosmology.
Compared to the linear-order calculations, the second-order calculation is physically straightforward, albeit lengthy, but a few
complications arise due to nonlinearity inherent in beyond-the-leading-order calculations. In particular, generation of vector and
tensor perturbations is inevitable, and their contributions to the observable quantities need to be properly taken into consideration.
The organization of this paper is as follows. The main result is presented in Sec. II, where we construct the full second-order
relativistic description of galaxy clustering. In Sec. III, we provide the second-order gauge-invariant equations for those derived
in Sec. II, and we discuss the implications of our results in Sec. IV. The second-order gauge-invariant formalism is presented in
Appendix A, and the relation between the photon parametrization and the observed angle is clarified in Appendix B. Throughout
the paper we use Greek indices for 3D spatial components and Latin indices for 4D spacetime components, respectively. Various
symbols are summarized in Table I.
Further in detail, the contents of Appendices and Sec. II are as follows. In Appendix A 1, we present the general metric
representation of a FRW universe and its decomposition into scalar, vector, and tensor. In Appendix A 2, the second-order gauge
transformation is derived and unphysical gauge mode is isolated. Finally, second-order gauge-invariant variables are constructed
in Appendix A 3. In Appendix B 1, we construct the second-order tetrads, representing the observer’s rest frame in a FRW
universe. In Appendix B 2, the photon wavevector is constructed by using local observable quantities, and the normalization
of our photon parametrization is derived in Appendix B 3. In Appendix B 4, our choice for the normalization constant and its
relation to the observed angle is clarified.
Section II further divides into ten subsections. The first subsection provides an overview of the calculation in Section II
and explains the physical origin of all the contributions to the observed galaxy fluctuation. The parametrization of the photon
wavevector and the geodesic equation is presented in Sec. II B. The observed redshift and the distortion in the observed redshift
are derived in Sec. II C. In Sec. II D, we briefly mention the relation of our photon parametrization to the observed angle. In
Sec. II E, the position of the source galaxies is computed, and its deviation from the inferred position is derived. In terms of the
distortion in the observed redshift and the inferred source position, we present the second-order deviations in the observed solid
angle in Sec. II F, in the observed volume in Sec. II G, and in the luminosity distance in Sec. II H. Finally, the observed galaxy
number density to the second-order is derived in Sec. II I, and its fluctuation is presented in Sec. II J.
II. GALAXY CLUSTERING IN GENERAL RELATIVITY
A. Complete treatment of galaxy clustering: Overview of the calculations
Here we present a complete and unified treatment of galaxy clustering, providing an overview of the detailed calculations in
Sec. II. This treatment unifies all the effects in galaxy clustering such as the redshift-space distortion, the gravitational lensing,
the Sachs-Wolfe effect, and their relativistic effects into two physically distinct effects: the volume effect and the source effect
[8]. The volume effect describes the mismatch between the physical volume occupied by the observed source galaxies and
the observationally inferred volume. The redshift-space distortion and the gravitational lensing convergence, for example, arise
from the volume effect. The source effect describes the contributions associated with the physical properties of the source
galaxy population. As the observationally inferred properties of the source galaxies are different from their physical properties,
this mismatch gives rise to contributions to galaxy clustering. Magnification bias is one example of the source effect.
In general, statistics in galaxy clustering are derived based on the observed galaxy number density nobsg (or the observed
galaxy fluctuation δobsg ), and the observed galaxy number density is further constructed using the basic observable quantities
3in galaxy surveys: the observed redshift z, the observed angular position nˆ = (θ, φ) of the source galaxy, and the number of
galaxies dNobsg counted within the observed redshift and solid angle. The observationally inferred volume dVobs occupied by
the observed source galaxies is
dVobs =
r¯2(z)
H(z)(1 + z)3
sin θ dz dθ dφ , (1)
where r¯ is the comoving line-of-sight distance and H is the Hubble parameter, and the observed galaxy number density is then
obtained as
nobsg (z, nˆ) =
dNobsg (z, nˆ)
dVobs
. (2)
Considering that the observed galaxies have the physical galaxy number density ng and occupy the physical volume dVphy, we
can related the observed galaxy number density to those quantities as
dNobsg = n
obs
g dVobs = ngdVphy , n
obs
g = ng (1 + δV ) ,
dVphy
dVobs
≡ 1 + δV , (3)
where we defined the volume distortion δV . Regardless of which the source galaxy population ng is used, the volume distortion
δV will always contribute to galaxy clustering, and its contribution is collectively described as the volume effect. In the following
subsections, we will compute the physical volume dVphy (and hence δV ) and discuss the physical effects that contribute to the
volume distortion.
The observed galaxies are grouped as galaxy samples based on various observable quantities such as the rest-frame luminosity,
the spectral color, and so on. However, this classification is also based on the observationally inferred quantities, and they differ
from the physical quantities of the source galaxy population. Therefore, when the source galaxy population is expressed in terms
of observable quantities, this mismatch gives rise to contributions to the observed galaxy number density nobsg as for the volume
distortion δV . However, this source effect depends on which observable quantities are used to define the galaxy sample and
how the physical galaxy number density ng representing the galaxy sample depends on the observable quantities. Therefore, we
will consider only the rest-frame luminosity, the most frequently used quantity in galaxy surveys, to illustrate the source effect
in Sec. II I. In contrast, the time coordinate (or the distance from us) of the observed galaxy sample is computed based on the
observed redshift, and hence the time evolution of the physical galaxy number density will always contribute to galaxy clustering
as one of the source effect (see also Sec. II I).
B. Photon geodesic equation
The photon path is described by a null geodesic xa(v) with an affine parameter v, and its propagation direction is then
ka(v) = dxa/dv subject to the null condition kaka = 0 and the geodesic equation ka;bkb = 0. We choose the affine parameter v
such that the photon frequency measured in the rest frame of an observer with four velocity ua is
2piν = −gabka(v)ub(v) , (4)
where the four velocity of the observer is normalized as uaua = −1 (see Appendix A for our notation convention). Once the
affine parameter is fixed in terms of physical quantities, the photon wavevector ka(v) is completely set without any further de-
grees of freedom. Since null geodesics are conformally invariant, we simplify the photon propagation equations by considering
a conformal transformation ds2 = gabxaxb = a2gˆabdxadxb, where the expansion factor a is removed in a conformally trans-
formed metric gˆab. Under the conformal transformation, the null geodesic xa(v) remains unaffected, but its affine parameter is
transformed to another affine parameter λ [29]:
dv
dλ
= Ca2 , kˆa =
dxa
dλ
= Ca2ka , uˆa = aua , (5)
where the unspecified proportionality constant C represents arbitrariness or additional degree of freedom in the conformally
transformed affine parameter.
The conformally transformed wavevector kˆa still satisfies the same null condition kˆakˆa = 0 and the geodesic equation
kˆa;bkˆ
b = 0. While the physical wavevector ka and its affine parameter v are completely fixed, we have additional freedom to
choose its normalization and affine parameter λ in the conformally transformed metric. With this freedom, we parametrize the
photon wavevector as (see Appendix B)
kˆa(λ) =
(
dτ
dλ
,
dxα
dλ
)
=
[
1 + δν, − (eα + δeα)
]
, (6)
4where eα based on g¯αβ is the photon propagation direction normalized as eαeα = 1 and the dimensionless quantities δν and δeα
represent perturbations to the photon wavevector. These perturbation variables are defined in a non-perturbative way, such that
they contain higher order perturbations, e.g., δν = δν(1)+ δν(2)+ · · · and by construction 〈δν〉 = 0 to all orders in perturbation.
Since the photon path is parametrized by the affine parameter λ, we have
d
dλ
=
dxa
dλ
∂
∂xa
= kˆa∂a = (∂τ − eα∂α) + δν ∂τ − δeα∂α , (7)
where the background relation in the round bracket simply represents that the photon propagation path is a straight line to the
zeroth order. However, to the second order in perturbations, we need to consider the evolution of perturbations along the photon
path deviating from the straight line.
Using the conformally transformed metric, the photon wavevector can be written to the second order in perturbations as
kˆ0 = gˆ0akˆ
a = − (1 + δν + 2A− Bαeα + 2 A δν − Bα δeα) ,
kˆα = gˆαbkˆ
b = −
(
eα + δeα + Bα + 2 Cαβeβ + δν Bα + 2 Cαβ δeβ
)
, (8)
and the null equation is then
0 = kˆakˆa = (e
αeα − 1)+2
(
eαδeα − δν −A+ Bα eα + Cαβ eαeβ
)−δν[δν+2 (2A− Bαeα) ]+[δeα+2 (Bα + 2 Cαβ eβ) ]δeα ,
(9)
where the metric perturbations are defined in Appendix A. The background relation is trivially satisfied by the construction of
the unit direction vector eα. Defining the perturbation to the observer four velocity, we derive the four velocity vector of the
observer from the normalization condition uaua = −1,
uα ≡ U
α
a
, u0 =
1
a
[
1−A+ 3
2
A2 + 1
2
UαUα − UαBα
]
≡ 1 + δu
0
a
, (10)
uα = gαbu
b = a
(Uα − Bα +ABα + 2UβCαβ) ≡ a (−v,α + vα) , u0 = g0aua = −a(1 +A− 1
2
A2 + 1
2
UαUα
)
.
To the second order in perturbation, the temporal component of the geodesic equation is
0 = kˆakˆ0;a =
d
dλ
δν + Γˆ0abkˆ
akˆb = δν′ − eαδν,α + δνδν′ − δeαδν,α + δΓ0 , d
dλ
δν = −δΓ0 , (11)
where Γˆabc is the Christoffel symbol based on gˆab, the background relation for the temporal component is already removed by
the construction of the conformally transformed wavevector in Eq. (6), and we defined
δΓ0 ≡ Γˆ0abkˆakˆb = A′ − 2A,αeα +
(Bα|β + C′αβ) eαeβ + 2δν (A′ −A,αeα)− 2AA′ −A,αBα + BαB′α (12)
+2
(
2AA,α + BβCβ′α + BβB[α|β]
)
eα − 2δeα [A,α − eβ (B(α|β) + C′αβ)]− [A (2Bα|β + 2C′αβ)+ Bγ (2Cγα|β − C |γαβ )] eαeβ .
Similarly, the spatial component of the geodesic equation is
0 = kˆbkˆα;b = −eα′ + eβeα,β −
d
dλ
δeα + Γˆαbckˆ
bkˆc (13)
=
(
−eα′ + eβeα|β
)
− δνeα′ + δeβeα,β − δeα′ + eβδeα,β − δνδeα′ + δeβδeα ,β + δΓα ,
d
dλ
δeα = δΓα ,
where we defined a perturbation quantity in a similar way as
δΓα ≡ Γˆαbckˆbkˆc − Γˆαbckˆbkˆc = A,α − Bα′ −
(
B |αβ − Bα|β + 2Cα′β
)
eβ +
(
2Cαβ|γ − C |αβγ
)
eβeγ + ˆ¯Γ
α
βγ
(
2eβ + δeβ
)
δeγ
+2δν (A,α − Bα′)−
(
δeβ + δνeβ
)(
B |αβ − Bα|β + 2Cα′β
)
+ 2
(
2Cαβ|γ − C |αβγ
)
eβδeγ +A′Bα − 2A,βCαβ + 2CαβBβ′
−2BαA,βeβ + 4Cαγ
(B[β|γ] + C′βγ) eβ − [2 Cαδ (2Cδβ|γ − C |δβγ )− Bα (Bβ|γ + C′βγ)] eβeγ . (14)
The spatial component of the geodesic equation indicates that the background photon propagation direction eα is constant.
Another useful quantity is
kˆauˆa = −
[
1 + δν +A+ (Uα − Bα) eα − 1
2
A2 + 1
2
UαUα + δνA+
(ABα + 2UβCαβ) eα + (Uα − Bα)δeα] , (15)
and for later reference we define the above quantity as kˆauˆa ≡ −(1 + ∆̂ν).
5C. Observed redshift
The zero-th order photon path can be obtained by integrating the photon wave vector as a function of the affine parameter λ as
x¯a(λs)− x¯a(λo) = [τ¯s − τ¯o, x¯αs ] = [λs − λo, (λo − λs)eα] , (16)
where we set x¯α(λo) = x¯αo = 0 and let x¯as = x¯a(λs). Without loss of generality (λ → λ+constant), we set λo = 0 hereafter.
Therefore, we have the defining relation between the affine parameter and the line-of-sight distance
λ = τ¯ − τ¯o = −r¯ = −
∫ z
0
dz′
H(z′)
, τ¯o =
∫ ∞
0
dz
H(z)
, (17)
where H(z) = a˙/a is the Hubble parameter and z is the redshift parameter corresponding to the conformal time τ¯ . Given a
redshift parameter z, we denote the affine parameter λz , satisfying
1 + z =
1
a(τ¯z)
, λz = τ¯z − τ¯o . (18)
In an inhomogeneous universe, the positions xaλ = xa(λ) of the photon source and the observer given the affine parameters
(or the redshift parameter) deviate from the positions x¯aλ = x¯a(λ) in a homogeneous universe:
xαλ = x¯
α
λ + δx
α
λ , τλ = τ¯λ + δτλ . (19)
Photons emitted from xas are received by the observer at xao , and the observed redshift z is the ratio of the photon wavelengths at
source and observer
1 + z =
(kaua)s
(kaua)o
≡ 1 + δz
a(τs)
, (20)
where we defined the distortion δz in the observed redshift. Compared to Eq. (18) in a homogeneous universe, the observed
redshift in Eq. (20) is affected not only by the expansion of the Universe, but also by the perturbations such as peculiar velocities
of the source and the observer. Using Eqs. (5) and (6), we derive
δz = δao +
[
δν +A+ (Uα − Bα) eα + δνA+ δeα (Uα − Bα) +
(ABα + 2CαβUβ) eα + 1
2
UαUα − 1
2
A2
]s
o
+
[
δa− δν −A− (Uα − Bα) eα
]
o
[
δν +A+ (Uα − Bα) eα
]s
o
, (21)
where the brackets with superscript s and subscript o represents a difference of the quantities at the source position xa(λs) and
the observer position xa(0) and the bracket with only subscript o represents the quantity is evaluated at the observer position. In
deriving Eq. (21) we account for the fact that the observer position deviates from that in a homogeneous universe
a(τo) = a[τ¯ (0) + δτ(0)] = 1 +Hoδτo + 1
2
(H2o +H′o) δτ2o ≡ 1 + δao , (22)
where the conformal Hubble parameter is H = aH , while the spatial position can be always set zero xαo = x¯αo = 0 due to
symmetry in a homogeneous universe.
In Eq. (21), perturbation quantities are evaluated at the source position xas , which is close but not exactly at the observed
redshift z, i.e., x¯a(λz). To facilitate further calculations, we define a perturbation ∆λs in the affine parameter λs as λs ≡
λz +∆λs, where λz satisfies the relation in Eq. (18). To the second order in perturbations, the source position can be rephrased
as
τs = τ(λz +∆λs) = τ¯(λz +∆λs) + δτ(λz +∆λs) = τ¯z +∆λs + δτz + δνz∆λs ≡ τ¯z +∆τz , (23)
xαs = x
α(λz +∆λs) = x¯
α(λz +∆λs) + δx
α(λz +∆λs) = x¯
α
z − eα∆λs + δxαz −
1
2
Γ¯αβγe
βeγ∆λ2s − δeαz∆λs
≡ x¯αz +∆xαz , (24)
where the subscript z indicates that quantities are evaluated at the affine parameter λz and Γ¯αβγ is the Christoffel symbol based
on g¯αβ . For the deviation of the source position in an inhomogeneous universe, we will need only the first order terms in
6∆xaz ≡ (∆τz ,∆xαz ), and we will compute it in detail in Sec. II E. The distortion in the observed redshift is, therefore,
δz(1) = Hoδτo +
[
δν +A+ (Uα − Bα) eα
]z
o
, (25)
δz(2) = δao +
[
δν +A+ (Uα − Bα) eα + δνA+ δeα (Uα − Bα) +
(ABα + 2CαβUβ) eα + 1
2
UαUα − 1
2
A2
]z
o
+
[
δa− δν −A− (Uα − Bα) eα
]
o
[
δν +A+ (Uα − Bα) eα
]z
o
+∆xbz
[
δν +A+ (Uα − Bα) eα
]
,b
, (26)
where we omitted the superscripts of the perturbation orders for simplicity. Consistently to the second order in perturbations,
first-order and second-order perturbation quantities in Eqs. (25) and (26) at the source position can be evaluated at the observed
redshift, while the former results in additional second-order contributions due to the first-order deviation of the source position
from the observed redshift. Similar calculations can be found in [30, 31].
So far, we left unspecified the perturbation ∆λs in the affine parameter. Using the defining relation in Eq. (18), the observed
redshift in Eq. (20) can be written as
1 + z =
1
a(τ¯z)
=
1 + δz
a [τ(λz +∆λs)]
, (27)
and note that the observed redshift is independent of how we label the source position using the affine parameter. Substituting
Eq. (23) into Eq. (27) yields that the perturbation ∆λs in the affine parameter satisfies
Hz∆τz + 1
2
(H2z +H′z)(∆λs + δτz)2 = δz , (28)
and we derive
∆λ(1)s = −δτ (1)z +
δz(1)
Hz , ∆λ
(2)
s = −δτ (2)z − δνz
(
−δτz + δzHz
)
− 1
2H3z
(H2z +H′z) δz2 + δz(2)Hz , (29)
where the perturbation quantities in quadratic form are evaluated at the linear order and Hz = H(z).
D. Observed angle of source galaxies
The observed source position in the sky is described by the observed angle nˆ = (θ, φ) in the local observer frame. In a homo-
geneous universe, it is identical to the unit directional vector eα. However, the observer frame is moving in an inhomogeneous
universe, and these two unit directional vectors are different, simply because of the change of frame. Therefore, it is necessary
to express the source galaxy position, not only in terms of the observed redshift z, but also in terms of the observed angle (θ, φ).
In Appendix B 4, we explicitly derive the photon wavevector ka in the FRW frame by transforming the observed photon
wavevector in the observer’s rest frame. The photon wavevector is completely set by local observables quantities such as
the photon frequency ν and the angle (θ, φ). However, with additional degree of freedom C in the conformally transformed
wavevector in Eq. (5), we can choose the normalization of the photon wavevector kˆa to simplify the calculations by aligning the
two unit directional vectors nα = eα. Though the choice has no impact on the description of observable quantities, other choice
would make the calculation significantly complicated. The detailed calculations are presented in Appendix B.
E. Distortions in photon path
Having computed the observed redshift and the observed angle, we now express the source position in terms of metric pertur-
bations. In the presence of perturbations in an inhomogeneous universe, the photon path at the affine parameter λ is distorted
as
xaλ − xao = [τλ − τo , xαλ ] =
[
λ+
∫ λ
0
dλ′ δν , − λeα −
∫ λ
0
dλ′ δeα
]
, (30)
7and the deviation of the position from that in a homogeneous universe is
δxa = xaλ − x¯aλ = [δτλ , δxαλ ] = [δτo , 0] +
[∫ λ
0
dλ′ δν , −
∫ λ
0
dλ′ δeα
]
, (31)
where the integration over the affine parameter (dλ) represents the integration along the photon path xa(λ), not necessarily
along the straight line x¯a(λ). Note that the affine parameter is defined as a parameter without resort to whether we consider
homogeneous or inhomogeneous universes. Using the geodesic equations in (11) and (13), we derive the perturbations in the
photon wavevector as
δνλ − δνo = −
∫ λ
0
dλ′ δΓ0 , δeαλ − δeαo =
∫ λ
0
dλ′ δΓα , (32)
δν(1)
∣∣∣∣z
o
= −2(Az −Ao)−
∫ r¯z
0
dr¯
[A′ − (Bα|β + C′αβ) eαeβ] , (33)
δeα(1)
∣∣∣∣z
o
= −
[
Bα + 2Cαβ eβ
]z
o
−
∫ r¯z
0
dr¯
(A− Bβeβ − Cβγeβeγ)|α , (34)
δν(2)
∣∣∣∣z
o
= −2 (Az −Ao)−
∫ r¯z
0
dr¯
{
A′ − (Bα|β + C′αβ) eαeβ + 2δνA,αeα + 2AA′ (35)
+A,αBα − BαB′α − 2
(
2AA,α + BβCβ′α + BβB[α|β]
)
eα − 2 δeα (B(α|β) + C′αβ) eβ
+
[
A (2Bα|β + 2C′αβ)+ Bγ (2Cγα|β − C |γαβ )] eαeβ +∆xc [A′ − (Bα|β + C′αβ) eαeβ],c} ,
δeα(2)
∣∣∣∣z
o
= −
[
Bα + 2Cαβ eβ
]z
o
−
∫ r¯z
0
dr¯
{(A− Bβeβ − Cβγeβeγ)|α + δν (2A,α − Bα′)− B |αβ (δeβ + δν eβ)
+δνBα|βeβ − 2Cα′β δeβ + 2
(
Cαβ|γ − C |αβγ
)
eβδeγ +A′Bα − 2A,βCαβ + 2CαβBβ′
−2BαA,βeβ + 4Cαγ
(B[β|γ] + C′βγ) eβ − [2 Cαδ (2Cδβ|γ − C |δβγ )− Bα (Bβ|γ + C′βγ)] eβeγ
+∆xd
(
A,α − B |αβ eβ − C |αβγ eβeγ
)
,d
}
, (36)
where we used the total derivative with respect to the affine parameter along the photon path in Eq. (7) for simplification. The
photon path in Eq. (30) can be further related to the integration over the metric perturbations defined in Eqs. (11) and (13) as
xaλ − xao =
[
(1 + δνo)λ−
∫ λ
0
dλ′(λ− λ′) δΓ0 , − λ(eα + δeαo )−
∫ λ
0
dλ′(λ− λ′) δΓα
]
. (37)
Noting that the source position is parametrized by λs = λz +∆λs, we have the source position
x¯as = [λz + τ¯o , − λzeα] = [τ¯z , r¯zeα] , (38)
xa(1)s =
[
δτo +∆λs −
∫ r¯z
0
dr¯ δν , −∆λseα +
∫ r¯z
0
dr¯ δeα
]
=
[
δτo + λzδνo +∆λs −
∫ r¯z
0
dr¯ (r¯z − r¯) δΓ0 , r¯zδeαo −∆λseα −
∫ r¯z
0
dr¯ (r¯z − r¯) δΓα
]
, (39)
τ (2)s = δτo +∆λs(1 + δνz)−
∫ r¯z
0
dr¯ (δν +∆xa δν,a)
= δτo + λz δνo +∆λs(1 + δνz)−
∫ r¯z
0
dr¯
[
(r¯z − r¯)
(
δΓ0 +∆xa δΓ0,a
) ]
, (40)
xα(2)s = −∆λs(eα + δeαz ) +
∫ r¯z
0
dr¯
(
δeα +∆xbδeα,b
)
= r¯z δe
α
o −∆λs(eα + δeαz )−
∫ r¯z
0
dr¯
[
(r¯z − r¯)
(
δΓα +∆xb δΓα,b
) ]
, (41)
8where the line-of-sight integration here represents the integration over the unperturbed photon path dr¯.
Since the observers identify the source position by measuring the observed redshift z and the observed angle (θ, φ), the
inferred source position is in rectangular coordinates
xˆas = [τ¯z , r¯znˆ] = [τ¯z , r¯z sin θ cosφ , r¯z sin θ sinφ , r¯z cos θ] , (42)
where r¯z = r¯(z) = τ¯o − τ¯z , nˆ = (sin θ cosφ , sin θ sinφ , cos θ) is a unit directional vector based on the observed angle (θ, φ)
of the source and τ¯z is the conformal time defined in Eq. (18). Note that in general x¯az 6= xˆas because of the difference between
eα and nα, but with our choice of normalization constant we have x¯az = xˆas . Given the source position in Eqs. (38)−(41), we
define the distortion (δT , δr, δθ, δφ) of the source position xas with respect to the inferred source position xˆas by
xas ≡ [τ¯z + δT , (r¯z + δr) sin(θ + δθ) cos(φ+ δφ) , (r¯z + δr) sin(θ + δθ) sin(φ + δφ) , (r¯z + δr) cos(θ + δθ)] , (43)
where the deviation in the conformal time of the source position δT ≡ τs − τ¯z = ∆τz is different from δr.1 Since the source
position xas is unobservable, these deviations from the inferred position xˆas are gauge-dependent [7]. While Eqs. (38)−(41) are
valid in general coordinates, it is most convenient to evaluate the distortions in rectangular coordinates.
Constructing two additional unit directional vectors θˆ = (cos θ cosφ , cos θ sinφ ,− sin θ) and φˆ = (− sinφ , cosφ , 0) based
on the observed angle, the distortions of the source position in spherical coordinates are to the linear order in perturbations
δr(1) = (nαx
α
s )
(1) = −∆λs +
∫ r¯z
0
dr¯ eαδe
α = δτo − δzHz +
∫ r¯z
0
dr¯
(A− Bαeα − Cαβeαeβ) , (44)
r¯zδθ
(1) = (θαx
α
s )
(1) = r¯zeθαδe
α
o −
∫ r¯z
0
dr¯ (r¯z − r¯) eθαδΓα (45)
= r¯zeθα
(
δeα + Bα + 2 Cαβ eβ
)
o
−
∫ r¯z
0
dr¯
[
eθα
(Bα + 2 Cαβ eβ)+ ( r¯z − r¯r¯
)
∂
∂θ
(A− Bαeα − Cαβeαeβ)] ,
r¯z sin θ δφ
(1) = (φαx
α
s )
(1) = r¯zeφαδe
α
o −
∫ r¯z
0
dr¯ (r¯z − r¯) eφαδΓα (46)
= r¯zeφα
(
δeα + Bα + 2 Cαβ eβ
)
o
−
∫ r¯z
0
dr¯
[
eφα
(Bα + 2 Cαβ eβ)+ ( r¯z − r¯r¯ sin θ
)
∂
∂φ
(A− Bαeα − Cαβeαeβ)] ,
and to the second order in perturbations
δr(2) = (nαx
α
s )
(2) +
1
2r¯z
[
(θαx
α
s )
2 + (φαx
α
s )
2
]
, (47)
r¯z δθ
(2) = (θαx
α
s )
(2) − (nαx
α
s )(θαx
α
s )
r¯z
+
cot θ
2r¯z
(φαx
α
s )
2 , (48)
r¯z sin θ δφ
(2) = (φαx
α
s )
(2) − (nαx
α
s )(φαx
α
s )
r¯z
− cot θ(θαx
α
s )(φαx
α
s )
r¯z
, (49)
where the quadratic terms are at the first order and the remaining second-order pieces are
(nαx
α
s )
(2) = −∆λ(2)s −∆λseαδeαz +
∫ r¯z
0
dr¯
[
eαδe
α(2) + eα∆x
bδeα,b
]
(50)
= δτ (2)o +
(
δτz − δzHz
)(A− Bαeα − Cαβeαeβ)z + 12H3z (H2z +H′z) δz2 − δz
(2)
Hz
+
∫ r¯z
0
dr¯
{(A− Bαeα − Cαβ eαeβ)(2) + δν[1
2
δν + (2A− Bαeα)
]
−
[
1
2
δeα +
(Bα + 2 Cαβ eβ) ]δeα
+∆xc
(A− Bαeα − Cαβ eαeβ),c} ,
(θαx
α
s )
(2) = r¯z eθαδe
α(2)
o −∆λseθαδeαz −
∫ r¯z
0
dr¯
[
(r¯z − r¯)eθα
(
δΓα +∆xb δΓα,b
) ] (51)
1 While the source position is on the past light cone, the separation of coordinates and metric perturbations is arbitrary and gauge-dependent. Furthermore, δr
only represents the radial displacement.
9= r¯zeθα
(
δeα + Bα + 2 Cαβ eβ
)(2)
o
−∆λseθαδeαz −
∫ r¯z
0
dr¯
{
eθα
(
1 + ∆xb∂b
) (Bα + 2 Cαβ eβ)
+
(
r¯z − r¯
r¯
)
∂
∂θ
[
(1 + ∆xb∂b)
(A− Bαeα − Cαβeαeβ) ]+ (r¯z − r¯)eθα[δν (2A,α − Bα′)− B |αβ (δeβ + δν eβ)
+δνBα|βeβ − 2Cα′β δeβ + 2
(
Cαβ|γ − C |αβγ
)
eβδeγ +A′Bα − 2A,βCαβ + 2CαβBβ′ − 2BαA,βeβ
+4Cαγ (B[β|γ] + C′βγ) eβ − [2 Cαδ (2Cδβ|γ − C |δβγ )− Bα (Bβ|γ + C′βγ)] eβeγ]} ,
(φαx
α
s )
(2) = r¯z eφαδe
α(2)
o −∆λseφαδeαz −
∫ r¯z
0
dr¯
[
(r¯z − r¯)eφα
(
δΓα +∆xb δΓα,b
) ] (52)
= r¯zeφα
(
δeα + Bα + 2 Cαβ eβ
)(2)
o
−∆λseφαδeαz −
∫ r¯z
0
dr¯
{
eφα
(
1 + ∆xb∂b
) (Bα + 2 Cαβ eβ)
+
(
r¯z − r¯
r¯ sin θ
)
∂
∂φ
[
(1 + ∆xb∂b)
(A− Bαeα − Cαβeαeβ) ]+ (r¯z − r¯)eφα[δν (2A,α − Bα′)− B |αβ (δeβ + δν eβ)
+δνBα|βeβ − 2Cα′β δeβ + 2
(
Cαβ|γ − C |αβγ
)
eβδeγ +A′Bα − 2A,βCαβ + 2CαβBβ′ − 2BαA,βeβ
+4Cαγ (B[β|γ] + C′βγ) eβ − [2 Cαδ (2Cδβ|γ − C |δβγ )− Bα (Bβ|γ + C′βγ)] eβeγ]} .
The distortions of the source position are decomposed as the radial and the angular displacements. Both of them arise due to the
metric perturbations along the photon path, and the identification of the source at the observed redshift contributes to the radial
displacement.
F. Lensing magnification
The distortion in the solid angle dΩ at the observed (θ, φ) and the (unobserved) source (θ + δθ, φ + δφ) is described by the
deformation matrix D (inverse of the magnification matrix), and it is conventionally decomposed as
D =
∂(θ + δθ, φ+ δφ)
∂(θ, φ)
≡ I −
(
κ 0
0 κ
)
−
(
0 ω
−ω 0
)
−
(
γ1 γ2
γ2 −γ1
)
, (53)
where κ is the gravitational lensing convergence, ω is the rotation, and (γ1, γ2) is the shear (e.g., see [32–34] for reviews). The
ratio of the solid angles is the Jacobian of the angular transformation or the determinant of the deformation matrix:
det D = 1− 2 κ+ κ2 − γ2 + ω2 ≡ 1− 2 κ(1) + δD(2) , (54)
where we defined the second-order part δD of the determinant. Note that the first-order term is simply the gravitational lensing
convergence, and we only need the determinant term, not the individual components of shear and rotation. To the second order
in perturbations, the determinant of the deformation matrix is
det D =
sin(θ + δθ)
sin θ
[
1 +
∂
∂θ
δθ +
∂
∂φ
δφ+
∂
∂θ
δθ
∂
∂φ
δφ− ∂
∂θ
δφ
∂
∂φ
δθ
]
, (55)
yielding the relation
κ(1) = −1
2
[(
cot θ +
∂
∂θ
)
δθ +
∂
∂φ
δφ
]
, (56)
δD(2) =
(
cot θ +
∂
∂θ
)
δθ +
∂
∂φ
δφ+
∂
∂θ
δθ
∂
∂φ
δφ− ∂
∂θ
δφ
∂
∂φ
δθ − 1
2
δθ2 + cot θ δθ
(
∂
∂θ
δθ +
∂
∂φ
δφ
)
. (57)
The second-order calculations of the gravitational lensing and shear can be found in Bernardeau et al. [35, 36]. These expressions
can be further related to the metric perturbations by using the distortions in the photon path computed in Sec. II E, but they
provide a more physical transparent intuition as written in terms of the angular displacements (δθ, δφ) of the source galaxy
position.
10
G. Observed volume element
Having computed the distortion in photon path, we are now in a position to compute the physical volume occupied by the
observed source galaxies over the small intervals dz in observed redshift and (dθ, dφ) in observed angle, and to express the
volume in terms of the observed quantities. Since the real position xas of source galaxies is parametrized by using the observed
quantities, the physical volume in the rest frame of the observed source galaxies can be written in a covariant way as [6, 7, 37]
dVphy =
√−g εdabc uds
∂xas
∂z
∂xbs
∂θ
∂xcs
∂φ
dz dθ dφ (58)
=
(1 + δz)3
(1 + z)3
(1 + δg)
[
ε0αβγ
∂xα
∂z
∂xβ
∂θ
∂xγ
∂φ
+ ε0αβγ δu
0 ∂x
α
∂z
∂xβ
∂θ
∂xγ
∂φ
+ εδabc Uδ ∂x
a
∂z
∂xb
∂θ
∂xc
∂φ
]
dz dθ dφ ,
where the subscript s for the source position is omitted in the second line, and we simply expanded the summation of the Levi-
Civita symbol εabcd over the four velocity for further calculations. The distortion δz in the observed redshift is given in Eqs. (25)
and (26), the four velocity ua is given in Eq. (10), and finally the metric determinant is
√−g ≡ a4(1 + δg) , δg = A+ Cαα −
1
2
A2 + BαBα +A Cαα +
1
2
(Cαα)2 − Cαβ Cβα . (59)
To the second order in perturbations, we compute the individual terms in the square bracket in Eq. (58). First, the last term in
the square bracket is
εδabc Uδ ∂x
a
∂z
∂xb
∂θ
∂xc
∂φ
=
r¯2z sin θ
Hz
{
V‖ + V‖
[
2
δr
r¯z
− 2 κ−Hz ∂
∂z
δT
]
− 1
r¯z
(
Vθ
∂
∂θ
+
Vφ
sin θ
∂
∂φ
)
(δr + δT ) + Vθ δθ + Vφ sin θ δφ
}
,
(60)
and the second term is
ε0αβγ δu
0 ∂x
α
∂z
∂xβ
∂θ
∂xγ
∂φ
=
r¯2z sin θ
Hz
{
δu0 + δu0
[
2
δr
r¯z
− 2 κ+Hz ∂
∂z
δr
]}
, (61)
where the spatial component of the source four velocity is decomposed into the line-of-sight and the transverse velocities
Uα ≡ V‖nα + Vθθα + Vφφα . (62)
These two terms in the square bracket in Eq. (58) vanish in a homogeneous universe. Finally, the first term in the square bracket
is
ε0αβγ
∂xα
∂z
∂xβ
∂θ
∂xγ
∂φ
=
r¯2z sin θ
Hz
{
1 + 2
δr
r¯z
− 2 κ+Hz ∂
∂z
δr +
δr2
r¯2z
+ 2
δr
r¯z
(
Hz
∂
∂z
δr − 2 κ
)
(63)
−2Hzκ ∂
∂z
δr −Hz ∂
∂z
δθ
∂
∂θ
δr −Hz ∂
∂z
δφ
∂
∂φ
δr
}
.
Summing up the individual contributions, we obtain the physical volume defined in Eq. (58) as
dVphy =
√−g εdabc uds
∂xas
∂z
∂xbs
∂θ
∂xcs
∂φ
dz dθ dφ ≡ r¯
2
z sin θ
Hz(1 + z)3
dz dθ dφ (1 + δV ) , (64)
and derive the volume distortion
δV (1) = 3 δz + δg + 2
δr
r¯z
− 2 κ+Hz ∂
∂z
δr + δu0 + V‖ , (65)
δV (2) = 3 δz + δg + 2
δr
r¯z
+ δD+Hz
∂
∂z
δr + δu0 + V‖ + δu
0
[
2
δr
r¯z
− 2 κ+Hz ∂
∂z
δr
]
+
δr2
r¯2z
+ 2
δr
r¯z
(
Hz
∂
∂z
δr − 2 κ
)
− 2Hzκ ∂
∂z
δr −Hz ∂
∂z
δθ
∂
∂θ
δr −Hz ∂
∂z
δφ
∂
∂φ
δr
+V‖
[
2
δr
r¯z
− 2 κ−Hz ∂
∂z
δT
]
− 1
r¯z
(
Vθ
∂
∂θ
+
Vφ
sin θ
∂
∂φ
)
(δr + δT ) + Vθ δθ + Vφ sin θ δφ
+(δg + 3 δz)
[
2
δr
r¯z
− 2 κ+Hz ∂
∂z
δr + δu0 + V‖
]
+ 3 δz δg + 3 δz2 +∆xbδV
(1)
,b , (66)
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where the perturbation quantities are now evaluated at the observed redshift and additional 2nd-order terms are added due to the
1st-order deviation of the photon path. It is noted that the partial derivatives with respect to the observed quantities (z, θ, φ) are
the partial derivatives with other observed quantities fixed; The derivative with respect to the observed redshift is the line-of-sight
derivative along the past light cone, involving not only the spatial derivative, but also the time derivative, while the observed
angular position (θ, φ) is fixed.
The volume distortion to the linear order has a simple physical interpretation as the distortion compared to the volume element
in a homogeneous universe in Eq. (64) — 3 δz from the comoving factor (1 + z)3, δg, δu0, and V‖ from defining the source rest
frame, 2 δr/r¯z from the volume factor r¯2z , 2 κ from the solid angle dΩ, and Hz∂zδr from the change of the radial displacement
at the observed redshift. To the second order in perturbations, these physical interpretations remain valid in the second-order
volume distortion. However, additional physical effects need to be taken into account such as the contribution of the source
tangential velocity and the tangential variation of the source position, similar to the transverse Doppler effect. There exist, of
course, nonlinear coupling terms with the linear-order volume distortion.
H. Fluctuation in luminosity distance
Galaxy samples are often defined by its observed flux or the rest-frame luminosity inferred from the observed flux. The
fluctuation in the luminosity distance at the observed redshift z is defined as
DL(z) ≡ D¯L(z)(1 + δDL) , D¯L(z) = (1 + z)r¯(z) , (67)
where the fluctuation δDL is dimensionless. Noting that the luminosity distance is related to the angular diameter distance
DA(z) = DL(z)
(1 + z)2
, (68)
we can utilize the calculations of the photon path measured by the observer at origin to compute the angular diameter distance,
and the fluctuation in the angular diameter distance is identical to the fluctuation in the luminosity distance. The fluctuation in
the luminosity distance has been computed in [14, 38–41], and the second-order calculations are recently presented in [31, 42].
Here we briefly present the calculation, but express it in terms of distortions in photon path we computed in Sec. II E, which
clearly highlights the physical effects in play.
Let’s consider a unit area dAphy in the source rest frame that appears subtended by the observed solid angle dΩ = sin θdθdφ.
This unit area is related to the angular diameter distance as dAphy = D2A(z)dΩ, and similar to the calculation in Sec. II G it can
be computed in a covariant way as
dAphy =
√−g εdabcudsNas
∂xbs
∂θ
∂xcs
∂φ
dθ dφ , (69)
where the velocity four vector defines the source rest-frame and the observed photon direction defines the unit area in the source
frame. The observed photon vector in Eq. (B28)
Na =
ka
kbub
+ ua (70)
is the observed photon direction expressed in a FRW frame and parallelly transported along the photon path. This is not to be
confused with the observed photon direction nα = (θ, φ) measured in the observer rest frame. Therefore, the angular diameter
distance is
D2A(z) =
√−g εdabc
sin θ
udNa
∂xbs
∂θ
∂xcs
∂φ
= D¯2A(z)(1 + δg)(1 + δz)
2
[
εdabc
r¯2z sin θ
(
auds
)
(aNas )
∂xbs
∂θ
∂xcs
∂φ
]
(71)
= D¯2A(z)
[
1 + 2δDL + δD2L
]
.
To simplify the calculation, we compute the square bracket by splitting it into three components,
εdabc
r¯2z sin θ
(
auds
)
(aNas )
∂xbs
∂θ
∂xcs
∂φ
=
ε0αβγ
r¯2z sin θ
(aNαs )
∂xβs
∂θ
∂xγs
∂φ
+
ε0αβγ
r¯2z sin θ
δu0 (aNαs )
∂xβs
∂θ
∂xγs
∂φ
+
εδabc
r¯2z sin θ
(
auδs
)
(aNas )
∂xbs
∂θ
∂xcs
∂φ
,
(72)
and the third component vanishes in the mean and the linear order in perturbations:
εδabc
r¯2z sin θ
(
auδs
)
(aNas )
∂xbs
∂θ
∂xcs
∂φ
= −Vθ (Uα − Bα) eα − 1
r¯z
(
Vθ
∂
∂θ
+
Vφ
sin θ
∂
∂φ
)
δT , (73)
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where the first term arises from the component εδ0βγ and the second term from εδαbc. The second component in Eq. (72) is
ε0αβγ
r¯2z sin θ
δu0 (aNαs )
∂xβs
∂θ
∂xγs
∂φ
= δu0 + δu0
(
−2 κ+ 2 δr
r¯z
− Cαβeαeβ
)
, (74)
and finally the first component can be computed as
ε0αβγ
r¯2z sin θ
(aNαs )
∂xβs
∂θ
∂xγs
∂φ
= 1 + V‖ + δe‖ − ∆̂ν + 2
δr
r¯z
+
(
cot θ +
∂
∂θ
)
δθ +
∂
∂φ
δφ (75)
−2 κ
(
2
δr
r¯z
− Cαβeαeβ
)
− 2 δr
r¯z
Cαβeαeβ +
(
δr
r¯z
)2
− δθ2 − 1
2
(sin θ δφ)
2
+ ∆̂ν
(
V‖ + Cαβeαeβ
)
− 1
r¯z
[
(Vθ + δeθ)
∂
∂θ
+
(Vφ + δeφ)
sin θ
∂
∂φ
]
δr + (Vθ + δeθ) δθ + (Vφ + δeφ) sin θ δφ
− ∂
∂φ
δθ
∂
∂θ
δφ+
∂
∂φ
δφ
∂
∂θ
δθ + cot θδθ
(
∂
∂θ
δθ +
∂
∂φ
δφ
)
+
(
δθ
∂
∂θ
+ δφ
∂
∂φ
)
δr
r¯z
,
where the spatial perturbation to the photon vector at the source position is decomposed as
δeα ≡ δe‖ nα + δeθ θα + δeφ φα . (76)
Collecting terms altogether and using the null equation, the fluctuation in the luminosity distance is obtained as
δD(1)L = δz − κ+
δr
r¯z
+
1
2
(Cαα − Cαβeαeβ) , (77)
2δD(2)L = 2 δz + δg + δu0 + V‖ + eαδeα − ∆̂ν + 2
δr
r¯z
+
(
cot θ +
∂
∂θ
)
δθ +
∂
∂φ
δφ (78)
δu0
(
2 κ− 2 δr
r¯z
+ Cαβeαeβ
)
− Vθ (Uα − Bα) eα − 1
r¯z
(
Vθ
∂
∂θ
+
Vφ
sin θ
∂
∂φ
)
δT
+δg
(
δz − 1
4
δg
)
−
(
A+ 2 κ− 2 δr
r¯z
+ Cαβeαeβ
)[
δDL + 3
4
(
A+ 2 κ− 2 δr
r¯z
+ Cαβeαeβ
)]
−2 κ
(
2
δr
r¯z
− Cαβeαeβ
)
− 2 δr
r¯z
Cαβeαeβ +
(
δr
r¯z
)2
− δθ2 − 1
2
(sin θ δφ)
2
+ ∆̂ν
(
V‖ + Cαβeαeβ
)
− 1
r¯z
[
(Vθ + δeθ)
∂
∂θ
+
(Vφ + δeφ)
sin θ
∂
∂φ
]
δr + (Vθ + δeθ) δθ + (Vφ + δeφ) sin θ δφ
− ∂
∂φ
δθ
∂
∂θ
δφ+
∂
∂φ
δφ
∂
∂θ
δθ + cot θδθ
(
∂
∂θ
δθ +
∂
∂φ
δφ
)
+
(
δθ
∂
∂θ
+ δφ
∂
∂φ
)
δr
r¯z
+∆xaδDL,a .
Given the distortion at the observed redshift, the fluctuation arises due to the distortion in the solid angle, the radial displacement,
and the rest-frame of the source at the linear order in perturbations. To the second order, in addition to the nonlinear coupling of
the linear order terms, there exist additional distortions along the tangential directions, as was the case in the volume distortion.
I. Observed galaxy number density
In observation, the galaxy number density nobsg is obtained by counting the number dNobsg of galaxies observed within the
volume defined by the observed direction (θ, φ) and the observed redshift z: dNobsg = nobsg dVobs , where the volume element
dVobs over the small interval (dz, dθ, dφ) in observation is
dVobs =
r¯2z
Hz(1 + z)3
sin θ dz dθ dφ . (79)
It is the volume element in a homogeneous universe based on the observed quantities (z, θ, φ), and it is the only quantity in
cosmological observations that can be assigned to the observed volume element in a physically meaningful way. This would
13
correspond to an observer’s choice of gauge condition, uniform-redshift gauge.2
However, since the Universe is far from being homogeneous, the constructed volume dVobs in Eq. (79) differs from the
physical volume dVphy in Eq. (58) occupied by the observed galaxies on the sky. Using the conservation of the number of
galaxies dNobsg , the observed galaxy number density is related to the physical number density ng of the observed source galaxies
defined in their rest frame as
nobsg = ng (1 + δV ) . (80)
This relation highlights the contribution of the volume distortion δV in Eq. (64), and the volume effect is present in galaxy
clustering, regardless of which galaxy sample is selected [8].
Furthermore, the physical number density ng of source galaxies can be separated into the mean and the remaining fluctuation
as
ng = n¯g(tp)
(
1 + δintg
)
, (81)
where the mean is obtained by averaging the number density over a hypersurface defined by some time coordinate tp and the
intrinsic fluctuation around the mean vanishes when averaged:
n¯g(tp) ≡ 〈ng〉tp , 〈δintg 〉tp = 0 . (82)
While the separation of the galaxy number density into the mean and the fluctuation is completely arbitrary and gauge-dependent
in Eq. (81) as it relies on a unspecified choice of time tp, a physically meaningful choice of time coordinate (and hence gauge-
invariant) can be made in relation to the biasing scheme, in which the galaxy fluctuation δintg can be further related to the
underlying matter density fluctuation. To the linear order, a proper time (and hence the notation tp) can be chosen to provide
a physical biasing relation between the remaining fluctuation δintg and the underlying matter fluctuation δm [9, 12–14, 17], as
the local dynamics of galaxy formation can only be affected by the presence of long wavelength modes through the change in
the local curvature and the local expansion rate [17]. Here we leave the second-order biasing to future work and proceed with a
unspecified time coordinate (or unspecified gauge choice) for the intrinsic galaxy fluctuation δintg .
In addition to the intrinsic fluctuation of the source galaxies, additional contribution to galaxy clustering arises from the source
effect [8]: The source effect describes the contributions of the mean expressed in terms of observed quantities:
ng = n¯g(z)
[
1− e1 δztp +
1
2
e2 δz
2
tp
] (
1 + δintg
)
, (83)
where δztp is the distortion in the observed redshift as in Eq. (21) but is evaluated at the time slicing specified by tp and two
additional coefficients
e1 =
d ln n¯g
d ln(1 + z)
, e2 = e1 + e
2
1 +
de1
d ln(1 + z)
, (84)
are called the evolution biases. Since the mean number density n¯g here is a physical number density, even a sample with a
constant comoving number density such as the matter density ρ¯m would have e1 = 3 and e2 = 12.
Furthermore, additional source effects will be present, if the source galaxy sample is defined by other observable quantities
such as the rest-frame luminosity threshold inferred from the threshold in observed flux fobs. Similar to the observed volume
dVobs, the luminosity distance D¯L(z) = r¯z(1 + z) in a homogeneous universe based on the observed redshift z is assigned to
the source, and the inferred luminosity at a given observed flux fobs is then
Lˆ = 4piD¯2L(z)fobs . (85)
The physical luminosity L of the source galaxies is related to the inferred luminosity as
L = 4piD2L(z)fobs = Lˆ(1 + δDL)2 , (86)
where the physical luminosity distance DL(z) ≡ D¯L(z)(1 + δDL). Therefore, the observed galaxy population defined its
inferred luminosity above a given threshold is related to the galaxy population with corresponding physical luminosity above the
same threshold as
ng = n¯g(Lˆ)
[
1− t1 δDL + 1
2
t2 δD2L
] (
1 + δintg
)
, (87)
2 The observed redshift is gauge-invariant, since its value (the observed redshift) remains unchanged, whatever coordinate system is used to describe it.
However, it depends on the frame of an observer, i.e., the observed redshift is the spectral line ratio measured by an observer at rest. When an observer
compares the real physical universe to a homogeneous universe, a choice of gauge condition needs to be made, and it is based on the observed redshift.
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where two additional coefficients
t1 ≡ −2 d ln n¯g
d lnL
, t2 = t1 + t
2
1 − 2
dt1
d lnL
, (88)
describe the slope and running of the luminosity function. When the luminosity function dn¯g ∝ L−s is well approximated by a
constant slope s, these coefficients are
t1 = 2(s− 1) = 5p , t2 = 2(s− 1)(2s− 1) = 5p (5p+ 1) , (89)
where p = 0.4(s− 1) is the luminosity function slope in terms of magnitude M = constant− 2.5 log10(L/L0).
J. Observed galaxy fluctuation
Finally, by putting it altogether, the mean number density of the observed galaxies is expressed in terms of the observed
redshift z and the observed flux fobs, and the observed galaxy number density is then decomposed of the mean and the remaining
fluctuation as
nobsg (z, nˆ) = n¯g(z)
(
1 + δintg
)(
1 + δV
)(
1− e1 δztp +
1
2
e2 δz
2
tp
)(
1− t1 δDL + 1
2
t2 δD2L
)
. (90)
This equation concisely summarizes the main result of the paper, in conjunction with the computation of all the perturbation
quantities present in Eq. (90). It is noted that only the metric perturbations are expanded to the second order, while the intrinsic
fluctuation δintg that is likely to be highly nonlinear is left unexpanded. Furthermore, no gauge choice is made in the previous
calculations.
In the absence of ab initio knowledge of galaxy formation, the mean galaxy number density n¯g(z) cannot be computed a
priori — it has to be determined by the survey itself. Therefore, the observed mean at each redshift is obtained by averaging the
observed number density nobsg (z, nˆ) over the survey area Ω:
̂¯ng(z) ≡ 1
Ω
∫
Ω
d2nˆ nobsg (z, nˆ) ≡ n¯g(z) + δn¯g(z) , (91)
where the residual fluctuation δn¯g(z) in the mean number density arises if all the fluctuations in Eq. (90) may not average out
over the survey area. Only in the limit of infinite volume survey, the residual fluctuation vanishes, and we have ̂¯ng(z) = n¯g(z)
at all redshifts. The detailed calculation of the observed mean involves the survey specifications and the spatial distribution of
fluctuations in Eq. (90) that cannot be computed with generality. The observed galaxy fluctuation is defined in terms of the
observed mean number density as
δobsg (z, nˆ) ≡
nobsg (z, nˆ)̂¯ng(z) − 1 , (92)
and it is noted that the residual fluctuation δn¯g(z) contributes to the observed mean number density ̂¯ng and the observed galaxy
fluctuation δobsg .
By assuming the infinite survey volume ̂¯ng(z) = n¯g(z), we derive
δobs(1)g = δ
int(1)
g + δV − e1 δztp − t1 δDL , (93)
δobs(2)g = δ
int(2)
g + δV − e1 δztp +
1
2
e2 δz
2
tp − t1 δDL +
1
2
t2 δD2L − e1 δztp δV
+δintg
(
δV − e1 δztp − t1 δDL
)− t1 δDL (δV − e1 δztp) . (94)
III. GAUGE INVARIANT EQUATIONS
Having derived all the equations without choosing a gauge condition in Sec. II, we construct the gauge-invariant equations for
computing the observed galaxy fluctuation. Compared to the linear-order calculations, the second-order calculations regarding
gauge transformations are more complicated, and they are further affected by the presence of unphysical gauge modes. However,
once gauge modes are removed and gauge-invariant variables are constructed, it is straightforward to construct second-order
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gauge-invariant equations, given the gauge-invariant equations at the linear order, although a complete verification of second-
order gauge-invariance associated with those equations is more involved.
In Appendix A 2, we explicitly derive the second-order gauge transformation to isolate and remove the gauge modes to the
second order in perturbations. Using the gauge-transformation properties, second-order gauge-invariant variables are explicitly
constructed in Appendix A 3, and their structure takes a rather simple form. For example, the linear-order gauge-transformation
(τ˜ = τ + T ) at a given position yields the metric transformation
χ ≡ a(β + γ′) , χ˜(1) = χ(1) − aT (1) , ϕ˜(1) = ϕ(1) −H T (1) , (95)
and we can construct a linear-order gauge-invariant variable
ϕ(1)χ ≡ ϕ(1) −Hχ(1) . (96)
However, as we explicitly show in Eq. (A33), this combination becomes gauge-dependent at the second order, and additional
compensating terms are required to cancel the second-order corrections and guarantee its gauge-invariance. Therefore, the
second-order gauge-invariant variable can be written in a form:
ϕχ = ϕ−Hχ+ ϕ(q)χ , (97)
where the last term represents quadratic terms that compensate for the second-order gauge-transformation and its explicit ex-
pression is shown in Eq. (A37). As demonstrated in Appendix A 2, a choice of gauge condition χ = 0 to the second order
in perturbations completely removes unphysical gauge modes, and the remaining metric perturbations correspond to gauge-
invariant variables associated with the choice of gauge condition χ = 0. While a variety of second-order gauge-invariant
variables can be constructed satisfying Eq. (96) at the linear order, we constructed ϕχ in Eq. (97), such that ϕχ becomes ϕ when
the gauge condition χ = 0 is adopted (hence the notation). Therefore, the quadratic terms ϕ(q)χ in Eq. (97) or in Eq. (A37) satisfy
the relation
ϕ(q)χ = 0 if χ = 0 , (98)
which greatly simplifies the way to construct second-order gauge-invariant equations.
Before we start constructing gauge-invariant equations for those we derived in Sec. II, we caution that not all equations can
be made gauge-invariant, but this statement should not be confused with the fact that all equations with any proper choice of
gauge condition are gauge-invariant. The gauge-invariance of equations itself does not guarantee that they describe observable
or physical quantities, but it provides a necessary condition for those equations. We start constructing the second-order gauge-
invariant equations, step by step, with the null equation (9) as a worked example, and we then present the remaining gauge-
invariant equations in Sec. II.
To the linear order in perturbations, the null equation can be re-arranged as
0 = 2
(
eαδe
α − δν −A+ Bα eα + Cαβ eαeβ
)(1)
= 2
(
eαδe
α
χ − δνχ − αχ + ϕχ +Ψα eα + Cαβ eαeβ
)(1)
, (99)
where the definition of the gauge-invariant variables are explicitly present in Appendix A 3. However, the above expression is
not gauge-invariant to the second order in perturbations, because of the quadratic terms in the gauge-invariant variables and the
remaining quadratic terms in the null equations. To the second order, we re-arrange the null equation as
0 = 2(eαδe
α
χ − δνχ − αχ + ϕχ +Ψχα eα + Cχαβ eαeβ)− 2(eα δeαχ − δνχ − αχ + ϕχ +Ψχα eα + Cχαβeαeβ)(q)
+δeα δeα − δν2 − 2 δν (2A− Bαeα) + 2
(Bα + 2 Cαβ eβ) δeα , (100)
and it is noted that a choice of scalar gauge condition is needed to construct second-order gauge-invariant vectors and tensors.
Since we eliminate the unphysical gauge modes to the second-order in perturbations by choosing the spatial C-gauge condition
in Appendix A 2, the metric tensor then corresponds to
A = α, Bα = 1
a
χ,α +Ψα, Cαβ = ϕ g¯αβ + Cαβ . (101)
Therefore, the remaining quadratic terms in Eq. (100) can be readily re-arranged, and the gauge-invariant equation for the null
condition becomes
0 = kˆakˆa = (e
αeα − 1) + 2
(
eαδe
α
χ − δνχ − αχ + ϕχ +Ψχα eα + Cχαβ eαeβ
)
+δeαχδeχα − δν2χ − 2δνχ (2αχ −Ψχαeα) + 2
(
2ϕχeα +Ψχα + 2 Cχαβ e
β
)
δeαχ . (102)
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Construction of gauge-invariant expressions for geodesic equations can be made in a similar way by noting that the affine
parameter integration deviates from the straight line at the second order. The temporal component of the geodesic equation is
− d
dλ
δνχ = α
′
χ + ϕ
′
χ − 2αχ,αeα +
(
Ψχα|β + C
′
χαβ
)
eαeβ + 2δνχ
(
α′χ − αχ,αeα
)
− 2αχα′χ − αχ,αΨα +ΨαΨ′α
−2αχϕ′χ − 2ϕχ,αeαΨαeα + ϕ,αχ Ψα −
[
αχ
(
2Ψα|β + 2C
′
αβ
)
+Ψγ
(
2Cγα|β − C
|γ
αβ
)]
eαeβ
+2
(
2αχαχ,α + ϕ
′
χΨα +ΨβC
β′
α +Ψ
βΨ[α|β]
)
eα − 2δeαχ
[
αχ,α − ϕ′χeα − eβ
(
Ψ(α|β) + C
′
αβ
)]
, (103)
and the spatial component is
d
dλ
δeαχ = α
,α
χ − ϕ ,αχ − 2
(
ϕ′χ − ϕχ,βeβ
)
eα −Ψα′χ −
(
Ψ
|α
χβ −Ψαχ|β + 2Cα′β
)
eβ +
(
2Cαβ|γ − C |αβγ
)
eβeγ
+2δνχ
(
α ,αχ −Ψα′
)− (δeβχ + δνχeβ)(2ϕ′χδαβ +Ψ |αβ −Ψα|β + 2Cα′β )+ 2(2Cαβ|γ − C |αβγ ) eβδeγχ
+4 ϕχ,βδe
β
χ e
α − 2 eβδeβχϕ ,αχ + α′χΨα − 2 ϕχα ,αχ + 2 ϕχΨα′ − 2αχ,βCαβ + 2CαβΨβ′
−2Ψααχ,βeβ + 4
(
ϕχϕ
′
χδ
α
β + ϕχC
′α
β +Ψ[β|γ]C
αγ + ϕ′χC
α
β + C
αγC′βγ
)
eβ + ϕ′χΨ
α +Ψα
(
Ψβ|γ + C
′
βγ
)
eβeγ
−2 (ϕχδαδ + Cαδ )
(
2ϕχ,γδ
δ
β + 2C
δ
β|γ − ϕ,δχ g¯βγ − C |δβγ
)
eβeγ . (104)
Integrating the geodesic equation over the affine parameter, we derive temporal and spatial deviations
δνχ
∣∣∣∣z
o
= −2 (αχz − αχo)− ∫ r¯z
0
dr¯
{
α′χ − ϕ′χ −
(
Ψχα|β + C
′
χαβ
)
eαeβ + 2δνχαχ,αe
α + 2αχα
′
χ + αχ,αΨ
α
−ΨαΨ′α + 2αχϕ′χ + 2ϕχ,αeαΨαeα − ϕ,αχ Ψα +
[
αχ
(
2Ψα|β + 2C
′
αβ
)
+Ψγ
(
2Cγα|β − C
|γ
αβ
)]
eαeβ
−2
(
2αχαχ,α + ϕ
′
χΨα +ΨβC
β′
α +Ψ
βΨ[α|β]
)
eα − 2δeαχ
[
ϕ′χeα + e
β
(
Ψ(α|β) + C
′
αβ
)]
+∆xcχ
[
α′χ − ϕ′χ −
(
Ψχα|β + C
′
χαβ
)
eαeβ
]
,c
}
, (105)
δeαχ
∣∣∣∣z
o
= −
[
2ϕχe
α +Ψαχ + 2C
α
χβe
β
]z
o
−
∫ r¯z
0
dr¯
{(
αχ − ϕχ − Ψχβeβ − Cβγeβeγ
)|α
+ δνχ
(
2α ,αχ −Ψα′
)
−
(
δeβχ + δνχe
β
)
Ψ
|α
β + δνχ Ψ
α
|βe
β − 2ϕ′χδeαχ − 2Cα′β δeβχ + 2
(
Cαβ|γ − C |αβγ
)
eβδeγχ
+2 ϕχ,βδe
β
χ e
α − 2 eβδeβχϕ ,αχ + α′χΨα − 2 ϕχα ,αχ + 2 ϕχΨα′ − 2αχ,βCαβ + 2CαβΨβ′
−2Ψααχ,βeβ + 4
(
ϕχϕ
′
χδ
α
β + ϕχC
′α
β +Ψ[β|γ]C
αγ + ϕ′χC
α
β + C
αγC′βγ
)
eβ + ϕ′χΨ
α
+Ψα
(
Ψβ|γ + C
′
βγ
)
eβeγ − 2 (ϕχδαδ + Cαδ )
(
2ϕχ,γδ
δ
β + 2C
δ
β|γ − ϕ,δχ g¯βγ − C |δβγ
)
eβeγ
+∆xdχ
(
α ,αχ − ϕ ,αχ −Ψ |αχβ eβ − C |αβγ eβeγ
)
,d
}
. (106)
Using the above expressions, the distortion in the observed redshift can be written in a gauge-invariant form as
δz(1)χ = δao +
[
δνχ + αχ + (Uα −Ψα) eα
]z
o
= δao +
[
(Uα −Ψα) eα − αχ
]z
o
−
∫ r¯z
0
dr¯
[
(αχ − ϕχ)′ −
(
Ψα|β + C
′
αβ
)
eαeβ
]
,
δz(2)χ = δao +
[
δνχ + αχ + (Uα −Ψα) eα + δνχαχ + δeαχ (Uα −Ψα) +
(
2ϕχUα + αχΨα + 2CαβUβ
)
eα +
1
2
UαUα − 1
2
α2χ
]z
o
+
[
δa− δνχ − αχ − (Uα −Ψα) eα
]
o
[
δνχ + αχ + (Uα −Ψα) eα
]z
o
+∆xbz
[
δνχ + αχ + (Uα −Ψα) eα
]
,b
. (107)
Finally, the spatial deviations of the observed source position can be expressed as
δr(1)χ = δτo −
δzχ
Hz +
∫ r¯z
0
dr¯
(
αχ − ϕχ −Ψαeα − Cαβeαeβ
)
, (108)
r¯zδθ
(1)
χ = r¯zeθα
(
δeαχ +Ψ
α + 2 Cαβ e
β
)
o
−
∫ r¯z
0
dr¯
[
eθα
(
Ψα + 2 Cαβ e
β
)
+
(
r¯z − r¯
r¯
)
∂
∂θ
(
αχ − ϕχ −Ψαeα − Cαβeαeβ
)]
,
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where the azimuthal deviation δφ(1)χ can be readily inferred from δθ(1)χ . To the second order in perturbations, they are further
related as
(nαx
α
s )
(2)
χ = δτ
(2)
o +
(
δτz − δzHz
)
χ
(
αχ − ϕχ −Ψαeα − Cαβeαeβ
)
z
+
1
2H3z
(H2z +H′z) δz2χ − δz(2)χHz (109)
+
∫ r¯z
0
dr¯
{(
αχ − ϕχ −Ψχαeα − Cχαβ eαeβ
)(2)
+ δνχ
[
1
2
δνχ + (2αχ −Ψαeα)
]
−
[
1
2
δeχα + 2ϕχeα +
(
Ψα + 2 Cαβ e
β
) ]
δeαχ +∆x
c
χ
(
αχ − ϕχ −Ψαeα − Cαβ eαeβ
)
,c
}
,
(θαx
α
s )
(2)
χ = r¯zeθα
(
δeαχ +Ψ
α
χ + 2 C
α
χβe
β
)(2)
o
−∆λseθαδeαz (110)
−
∫ r¯z
0
dr¯
{
eθα
(
1 + ∆xbχ∂b
) (
Ψα + 2 Cαβ e
β
)
+
(
r¯z − r¯
r¯
)
∂
∂θ
[
(1 + ∆xbχ∂b)
(
αχ − ϕχ −Ψαeα − Cαβeαeβ
) ]
+(r¯z − r¯)eθα
[
δνχ
(
2α ,αχ −Ψα′
)−Ψ |αβ (δeβχ + δνχ eβ)− 2ϕ′χδeαχ − 2ϕ ,αχ eβδeβχ − 2α ,αχ ϕχ
+δνχΨ
α
|βe
β − 2Cα′β δeβ + 2
(
Cαβ|γ − C |αβγ
)
eβδeγ + α′χΨ
α − 2αχ,βCαβ + 2CαβΨβ′ − 2Ψααχ,βeβ
+4 (ϕχg¯
αγ + Cαγ)
(
ϕ′χg¯βγ +Ψ[β|γ] + C
′
βγ
)
eβ −
[
2 (ϕχδ
α
δ + C
α
δ )
(
2ϕχ,γδ
δ
β + 2C
δ
β|γ − ϕ ,δχ g¯βγ − C |δβγ
)
−Ψα (ϕ′χg¯βγ +Ψβ|γ + C′βγ) ]eβeγ]} .
Subsequent calculations in Sec. II F−II J can be further expressed in terms of δrχ, δθχ, δφχ, δzχ and other gauge-invariant
variables in Appendix A.
IV. DISCUSSION
We have extended the calculation of the general relativistic description of galaxy clustering [6] to the second order in metric
perturbations without assuming any gauge conditions or adopting any restrictions on vector and tensor perturbations. On large
scales, metric perturbations along the photon path affect the photon propagation, and these subtle relativistic effects need to be
properly taken into account in considering the relation of the observable quantities such as the observed redshift and the angular
position of source galaxies to the physical quantities of the source galaxies. In the past few years, linear-order relativistic effect
in galaxy clustering has been computed [6, 7, 12–15, 17, 43], and it was shown [9] that these subtle relativistic effects can be
used to test general relativity and probe the early Universe in current and future galaxy surveys. Drawing on these previous
works, we have computed the second-order relativistic effect in galaxy clustering, an essential tool for going beyond the power
spectrum in the era of precision measurements of galaxy clustering.
Compared to the linear-order calculations, second-order calculations are more involved as the interchangeability between
configuration and Fourier spaces is lost and the nonlinear coupling of the linear-order terms result in numerous additional terms
(see, e.g., [44–47] for reviews). Furthermore, scalar, vector, and tensor modes of perturbation variables become tangled as the
nonlinear coupling of the linear-order terms source each component and affect their spatial transformation properties. To the
second-order in perturbations, we have computed the transformation of the metric perturbations and removed the unphysical
spatial gauge-modes. This procedure is necessary for the explicit construction of second-order gauge-invariant variables. As is
often the case in many second-order calculations, one may assume no vector or tensor at the linear order and focus on scalar
modes, because in this case no vector or tensor contributes to the scalar modes even at the second order, simplifying the situation.
However, generation of vector and tensor is inevitable at the second order, and the observable quantities receive contributions
from perturbations of all types, regardless of our calculational convenience. Hence we have constructed the second-order gauge-
invariant variables with full generality on vector and tensor perturbations.
It is well-known [48] that the observed redshift zobs is different from the redshift parameter zh in a homogeneous universe,
because perturbations along the photon path such as the peculiar velocity and the gravitational potential contribute to the fluc-
tuation δz in the observed redshift: 1 + zobs = (1 + zh)(1 + δz) in Eq. (21), where 1 + zh = 1/a. For exactly the same
reason, the observed position nα of the source galaxy on the sky is different from the position eα in a homogeneous universe:
nα = eα + δnα in Eq. (B22), where two unit directional vectors can be obtained from the photon wavevector ka in each case.
In Appendix B, we have derived the relation between two unit directional vectors by explicitly constructing the physical photon
wavevector in terms of the local observable quantities. This relation clarifies how the additional degree of freedom supplied by
the conformal transformation in Eq. (5) can be properly chosen to eliminate the distortion δnα in the observed position of the
source galaxy.
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With these issues resolved, it becomes rather straightforward, albeit lengthy, to extend the linear-order relativistic calculations
to the second order. Compared to the inferred source position xˆas = (τ¯z , r¯znˆ) = (τ¯z , r¯z sin θ cosφ , r¯z sin θ sinφ , r¯z cos θ)
in Eq. (42) based on the observed redshift z and angle (θ, φ), the physical source position can be parametrized in terms of the
displacements (δT , δr, δθ, δφ) in Eq. (43) to all orders in perturbations, and the volume effect in Eq. (64) can be readily
computed to the desired orders in perturbations, although this separation of spatial and time components is gauge-dependent
and these displacements need to be further related in terms of metric perturbations. Compared to the linear-order volume effect
in Eq. (65), the notable difference in the second-order volume effect in Eq. (66) is the contribution of the tangential velocity
(Vθ, Vφ), and the displacement in the time coordinate δT of the source galaxies, as in the transverse Doppler effect.
Finally, by using the second-order gauge-invariant variables, we have constructed the second-order gauge-invariant equations
for the displacements. This step is necessary for numerically computing the displacements and the observed galaxy number
density. To the second order, as quadratic terms are present in both the dynamical equations and the gauge-invariant variables,
a proper choice of gauge-invariant variables is essential for simplifying the second-order gauge-invariant equations. An explicit
construction of the second-order gauge-invariant equations was given in Sec. III.
The second-order relativistic description of galaxy clustering in this work provides the most accurate and complete description
of galaxy clustering on large scales. While it is a step forward in the era of precision cosmology, proper applications of our
second-order formalism to observations will require several steps beyond the scope of current investigation. First and foremost
is galaxy bias to the second order in perturbations. Irrespective of nonlinear biasing schemes, computation of the second-order
matter density fluctuation is necessary even for the simplest linear biasing. A physical choice of time slicing for the matter density
should be carefully examined for galaxy bias such as in [17]. Second, we need to compute the three-point correlation function
and the bispectrum and to forecast the detectability of these statistics in future galaxy surveys. As they involve large-scale modes,
more sophisticated methods that go beyond the distant-observer approximation will be needed as in [49, 50]. Measurements of
the three-point correlation function or the bispectrum in future surveys would not only complement the existing constraints from
the two-point statistics, but also provide new ways to test the general relativity and probe the early universe through the subtle
relativistic effect in galaxy clustering.
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Appendix A: Second-Order Gauge-Invariant Formalism
Here we present our notation for second-order gauge-invariant formalism and discuss the gauge transformation properties in
comparison to its linear-order counterparts. We then explicitly construct second-order gauge-invariant variables.
1. Spacetime metric perturbations
We describe the background for a spatially homogeneous and isotropic universe with a metric
ds2 = gabdx
adxb = −a2(τ) dτ2 + a2(τ) g¯αβ dxαdxβ , (A1)
where a(τ) is the scale factor and g¯αβ is the metric tensor for a three-space with a constant spatial curvatureK = −H20 (1−Ωtot).
To describe the real (inhomogeneous) universe, we parametrize the perturbations to the homogeneous background metric as
δg00 = −2 a2A , δg0α = −a2Bα , δgαβ = 2 a2Cαβ . (A2)
These perturbation variables are defined in a non-perturbative way, such that they contain higher-order terms. To the second-
order in perturbations, we may explicitly split the variables based on the perturbation order represented by the upper indices
as
A = A(1) +A(2) , Bα = B(1)α + B(2)α , Cαβ = C(1)αβ + C(2)αβ . (A3)
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Unless otherwise explicitly indicated, other perturbation variables should also be considered as those variables with higher-order
terms.
It is customary in cosmological perturbation theory to decompose perturbation variables into scalar, vector, and tensor solu-
tions of the generalized Helmholz equation [52], according to their spatial-coordinate transformation properties. Therefore, the
metric perturbations in Eq. (A3) are further decomposed as
A = α , Bα = β,α +Bα , Cαβ = ϕ g¯αβ + γ,α|β + C(α|β) + Cαβ , (A4)
where the vertical bar represents the covariant derivative with respect to the homogeneous spatial metric g¯αβ and the round
bracket is the symmetrization symbol. Separation of scalar, vector, and tensor can be readily made, based on the number of their
spatial indices in the decomposed fields. The decomposed scalar perturbations can be obtained as
α = A , β = ∆−1∇αBα , γ = 1
2
(
∆+
1
2
R¯
)−1 (
3∆−1∇α∇βCαβ − Cαα
)
, (A5)
ϕ =
1
3
Cαα −
1
6
∆
(
∆+
1
2
R¯
)−1 (
3∆−1∇α∇βCαβ − Cαα
)
,
where∇α is the covariant derivative based on g¯αβ (i.e., vertical bar) and ∆ = ∇α∇α is the Laplacian operator. The presence of
the Ricci scalar (R¯ = 6K) for the three-space indicates that covariant derivatives are non-commutative. The decomposed vector
and tensor components are computed in a similar manner as
Bα = Bα −∇α∆−1∇βBβ , Cα = 2
(
∆+
1
3
R¯
)−1 [∇βCαβ −∇α∆−1∇β∇γCβγ] , (A6)
Cαβ = Cαβ − 1
3
Cγγ g¯αβ −
1
2
(
∇α∇β − 1
3
g¯αβ∆
)(
∆+
1
2
R¯
)−1 [
3∆−1∇γ∇δCγδ − Cγγ
]
,
−2∇(α
(
∆+
1
3
R¯
)−1 [∇γCβ)γ −∇β)∆−1∇γ∇δCγδ] ,
and they satisfy the transverse condition Bα |α = Cα |α = C
β
α|β = 0 and the traceless condition C
α
α = 0. Note that these
variables (α, β, γ, ϕ,Bα, Cα, Cαβ) are again non-linear perturbation variables, but Eqs. (A5) and (A6) show that the S-V-T
decomposition is always possible in a non-perturbative way.
2. Second-order gauge transformation
A coordinate transformation in general relativity accompanies a transformation of the metric tensor gab and affects its corre-
spondence of a coordinate position to the homogeneous background universe, called a gauge transformation. Thus, it is necessary
to separate the physical degree-of-freedom from fictitious gauge freedoms due to coordinate transformation. Here we consider
the most general coordinate transformation to the second order,
x˜a = xa + ξa , (A7)
and decompose the infinitesimal transformation ξa into scalar parts T, L and a vector part Lα based on g¯αβ as
ξa = (T, Lα) = (T, L,α + Lα) . (A8)
While the gauge-transformation of general tensors can be derived in terms of the Lie derivatives [53], we simply use the tensor
transformation properties induced by the coordinate transformation
g˜ab(x˜
e) =
∂xc
∂x˜a
∂xd
∂x˜b
gcd(x
e) , (A9)
where they are evaluated at the same spacetime position, represented by two different values of coordinate components. Evalu-
ating g˜ab in Eq. (A9) at xe and relating to gab(xe), we derive the transformation of the metric perturbations in Eq. (A2) as
A˜ = A− (T ′ +HT )−A′T − 2A (T ′ +HT ) + 3
2
T ′T ′ + TT ′′ + 3HT ′T + 1
2
(
2H2 +H′)T 2 (A10)
−A,αLα − BαLα′ + T,αLα′ + Lα
(
T ′,α +HT,α
)− 1
2
Lα′L′α ,
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B˜α = Bα − T,α − 2AT,α − (B′α + 2HBα)T − BαT ′ + 2T ′T,α + T
(
T ′,α + 2HT,α
) (A11)
+L′α − Bα,βLβ − BβLβ,α + 2CαβLβ′ − L′αT ′ + T,βLβ,α + LγT,αγ − T (L′′α + 2HL′α)
−Lβ,αL′β − g¯αβLβ,γLγ′ − Lγ
(
g¯αβ,γLβ′ + g¯αβLβ′,γ
)
,
C˜αβ = Cαβ −HT g¯αβ + B(αT,β) −
(C′αβ + 2HCαβ)T − 12T,αT,β +Hg¯αβT ′T + 12 (2H2 +H′) g¯αβT 2 (A12)
−1
2
g¯αβ,γLγ − g¯γ(αLγ,β) − Cαβ,γLγ − 2Cγ(αLγ,β) + L′(αT,β) +Hg¯αβLγT,γ
+
(
1
2
Lγ′ +HLγ
)
g¯αβ,γT + 2Hg¯γ(αLγ,β)T + g¯γ(αLγ′,β)T + Lδ ,(β g¯α)γLγ,δ +
1
2
g¯γδLγ,αLδ ,β
+Lδ
(
1
2
g¯αβ,γLγ,δ + Lγ,(β g¯α)γ,δ +
1
4
g¯αβ,γδLγ + g¯γ(αLγ,β)δ
)
.
It is possible to further decompose these metric perturbations into scalar, vector, and tensor and to derive the transformation of the
decomposed metric perturbations by using Eqs. (A5) and (A6). However, a few words in regard to spatial gauge-transformation
are in order. The spatial homogeneity of the background universe keeps the spatial diffeomorphism intact to all orders in
perturbations, and the physics is invariant under spatial gauge-transformation. However, it is well known [52, 54, 55] that the
perturbation variables (β, γ,Bα, Cα) change with the spatial transformation L or Lα at the linear order, carrying unphysical
gauge modes,
β˜ = β − T + L′ , γ˜ = γ − L , B˜α = Bα + L′α , C˜α = Cα − Lα . (A13)
As physical quantities are invariant under spatial gauge-transformation, they can depend on these perturbation variables, only
through two combinations χ = a(β + γ′) and Ψα = Bα + C′α that are invariant under spatial gauge transformations [56].
Writing the metric perturbations in terms of these spatially invariant variables is readily achieved by choosing a spatial gauge
that leaves no unphysical gauge freedom Lα = 0 (i.e., L = Lα = 0). We choose the C-gauge [45] as our spatial gauge choice
γ˜ ≡ γ ≡ 0 , C˜α ≡ Cα ≡ 0 , (A14)
which completely sets L = 0, Lα = 0 to the linear order, while a choice of temporal gauge is left free. Combining the C-gauge
choice with any choice of a temporal gauge (T = 0) at the linear order, the second-order gauge transformation of the spatial
metric perturbation in Eq. (A12) can be simplified as
C˜αβ = Cαβ −HT (2)g¯αβ − 1
2
g¯αβ,γL(2)γ − 1
2
(
g¯γαL(2)γ ,β + g¯γβL(2)γ ,α
)
= Cαβ −HT (2)g¯αβ − L(2)(α|β) , (A15)
and using Eqs. (A5) and (A6) its decomposed perturbations transform as
γ˜(2) = γ(2) − L(2) , C˜(2)α = C(2)α − L(2)α . (A16)
Therefore, the C-gauge condition in Eq. (A14) to the second order in perturbations completely removes the unphysical gauge
freedom Lα = 0 to the same order in perturbations, and we take the C-gauge as our spatial gauge choice throughout the paper.
As opposed to choosing a (physical) temporal gauge, the spatial gauge choice affects no physical quantities or the Einstein
equations, as the spatial diffeomorphism is unbroken symmetry.
With the spatial C-gauge choice but without any temporal gauge choice, the metric perturbations transform as
α˜ = α− T ′ −HT − α′T − 2αT ′ − 2αHT + 3
2
T ′T ′ + TT ′′ + 3HTT ′ + 1
2
H′T 2 +H2T 2 , (A17)
B˜α = Bα − T,α − 2αT,α − (B′α + 2HBα)T − BαT ′ + 2T ′T,α + T
(
T ′,α + 2HT,α
)
, (A18)
C˜αβ = Cαβ −HT g¯αβ + B(αT,β) −
(C′αβ + 2HCαβ)T − 12T,αT,β + T
[
Hg¯αβT ′ + 1
2
(
2H2 +H′) g¯αβT] , (A19)
and in terms of scalar, vector, and tensor components the metric is
A = α , Bα = 1
a
χ,α +Ψα , Cαβ = ϕ g¯αβ + Cαβ , (A20)
where we used χ = a(β + γ′) and Ψα = Bα + C′α. The above equations are fully general to the second order — No temporal
(physical) gauge choice is made, while unphysical spatial gauge freedom is eliminated. The gauge-transformation equations of
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the decomposed variables can be readily derived by using Eqs. (A5) and (A6). In order to simplify the situation, we assume that
the three-space is flat (K = 0). Therefore, the scalar perturbations transform as
χ˜ = χ− aT + aTT ′ + aHT 2 + a∆−1∇α
[
−2αT,α − 1
a
(χ′ +Hχ),α T − (Ψ′α + 2HΨα)T −
(
1
a
χ,α +Ψα
)
T ′ + T ′T,α
]
−a
2
∆−1
[(
1
a
χ,α +Ψα
)
T,α − 1
2
T ,αT,α − 3∆−1∇α∇β
(
1
a
χ,αT,β − 1
2
T,αT,β +Ψ(αT,β) − (C′αβ + 2HCαβ)T
)]′
, (A21)
ϕ˜ = ϕ−HT − ϕ′T − 2HϕT +HTT ′ + 1
2
(
2H2 +H′)T 2 + 1
2
(
1
a
χ,αT,α +ΨαT
,α − 1
2
T ,αT,α
)
−1
2
∆−1∇α∇β
[
1
a
χ,αT,β +Ψ(αT,β) −
(
C′αβ + 2HCαβ
)
T − 1
2
T,αT,β
]
, (A22)
and the vector and tensor perturbations transform as
Ψ˜α = Ψα − 2αT,α − 1
a
(
χ′,α +Hχ,α
)
T − (Ψ′α + 2HΨα)T −
χ,α
a
T ′ −ΨαT ′ − TT ′,α
−∇α∆−1∇β
[
−2αT,β − 1
a
(
χ′,β +Hχ,β
)
T − (Ψ′β + 2HΨβ)T − χ,βa T ′ −ΨβT ′ − TT ′,β
]
+2∆−1∇β
[
1
a
χ(,αT,β) +Ψ(αT,β) −
(
C′αβ + 2HCαβ
)
T − 1
2
T,αT,β
]′
−2∆−1∇α∆−1∇β∇γ
[
1
a
χ(,βT,γ) +Ψ(βT,γ) −
(
C′βγ + 2HCβγ
)
T − 1
2
T,βT,γ
]′
, (A23)
C˜αβ = Cαβ +
1
a
χ(,αT,β) +Ψ(αT,β) −
(
C′αβ + 2HCαβ
)
T − 1
2
T,αT,β − 1
3
[(
1
a
χ,γ +Ψγ
)
T,γ − 1
2
T ,γT,γ
]
g¯αβ
−1
2
(
∇α∇β − 1
3
g¯αβ∆
)
∆−1
{
3∆−1∇γ∇δ
[
1
a
χ(,γT,δ) +Ψ(γT,δ) −
(
C′γδ + 2HCγδ
)
T − 1
2
T,γT,δ
]
−
(
1
a
χ,γ + Ψγ
)
T,γ +
1
2
T ,γT,γ
}
− 2∇(α∆−1
{
∇γ
[
1
2a
(
χ,β)T,γ + χ,γT,β)
)
+Ψβ)T,γ −
(
C′β)γ + 2HCβ)γ
)
T − 1
2
T,β)T,γ
]
−∇β)∆−1∇γ∇δ
[
1
a
χ(,γT,δ) +Ψ(γT,δ) −
(
C′γδ + 2HCγδ
)
T − 1
2
T,γT,δ
]}
. (A24)
It is evident that scalar, vector, and tensor components mix together due to the nonlinear quadratic terms, present in the second-
order gauge transformation. Furthermore, even with no vector or tensor at the linear order, the second-order scalar perturbations
generate the second-order vector and tensor perturbations. Nevertheless, the equations greatly simplify in the absence of linear
order vector and tensor perturbations, especially for scalar perturbations.
Equations (A21)−(A24) are completely general to the second order in perturbations, and no physical gauge choice is made
yet. Furthermore, it is apparent that combined with the spatial C-gauge, a proper temporal gauge choice at the linear order
provides a valid gauge choice at the second order, e.g., if we choose a gauge condition at the linear order
χ˜(1) = χ(1) = 0 , T (1) = 0 , (A25)
the transformation equation in Eq. (A21) at the second order in perturbations takes the form
χ˜(2) = χ(2) − aT (2) , (A26)
identical to its linear order transformation equation. Therefore, by choosing a gauge condition to the second order, χ(1,2) = 0 in
this example, we completely fix the gauge condition to the second order in perturbations, leaving no gauge ambiguities.
Similarly to the transformation in metric tensor, the coordinate transformation in Eq. (A7) induces the vector transformation
V˜ a(xˆe) =
∂x˜a
∂xb
V b(xe) , (A27)
and by evaluating the transformed vector at the same coordinate xe, we can derive the vector gauge-transformation relation as
U˜α = Uα +HTUα − TUα′ , (A28)
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and the perturbations in photon wavevector transform as
δ˜ν = δν +
d
dλ
T + 2HT (1 + δν) − δν′T − TT ′′ − (H′ − 2H2)T 2 + TT ′,αeα − 2HTT,αeα , (A29)
δ˜e
α
= δeα + 2HT (eα + δeα)− Tδeα′ − 2HTT ′eα − (H′ − 2H2)T 2eα . (A30)
3. Second-order gauge-invariant variables
Here we construct second-order gauge-invariant variables. First, comparing to the linear-order calculations, we discuss the
difference in the second-order calculation by explicitly constructing a second-order gauge-invariant variable. We then give
expressions for other second-order gauge-invariant variables used in the text. Our construction of second-order gauge-invariant
variables follows the work in [45], but without the restriction that there is no vector or tensor at the linear order.
As an example, we construct the second-order gauge-invariant variable ϕχ. The linear-order gauge-transformation equations
for χ and ϕ in Eqs. (A21) and (A22) are
χ˜(1) = χ(1) − aT (1) , ϕ˜(1) = ϕ(1) −H T (1) , (A31)
and we can easily construct a linear-order gauge-invariant variable
ϕ(1)χ ≡ ϕ(1) −Hχ(1) . (A32)
The notation of the gauge-invariant variable is set up such that ϕχ becomes ϕ when the gauge condition χ = 0 is adopted
(similarly, we can also construct a gauge-invariant variable χϕ ≡ −ϕχ/H = χ − ϕ/H , such that χϕ becomes χ when the
gauge condition ϕ = 0 is adopted). Therefore, it is desirable to construct such gauge-invariant variables at the second order. The
simplest guess is to extend the definition of ϕχ at the linear order to the second order. Using Eqs. (A21) and (A22), we verify
that the simplest choice transforms as
ϕ˜−Hχ˜ = ϕ−Hχ− ϕ′T − 2HϕT + 1
2
H′T 2 + 1
2
(
1
a
χ,αT,α +Ψ
αT,α − 1
2
T ,αT,α
)
(A33)
−1
2
∆−1∇α∇β
[(
1
a
χ,α + Ψα
)
T,β − (C′αβ + 2HCαβ)T −
1
2
T,αT,β
]
−H∆−1∇α
[
−2αT,α − 1
a
(χ′ +Hχ),α T − (Ψ′α + 2HΨα)T −
(
1
a
χ,α +Ψα
)
T ′ + T ′T,α
]
+
H
2
∆−1
[(
1
a
χ,α +Ψα
)
T,α − 1
2
T ,αT,α − 3∆−1∇α∇β
(
1
a
χ,αT,β − 1
2
T,αT,β +Ψ(αT,β) − (C′αβ + 2HCαβ)T
)]′
.
It is evident that this particular combination is not gauge-invariant to the second-order. However, the transformation in Eq. (A33)
suggests that a quadratic correction to the simplest combination be needed to construct a second-order gauge-invariant variable
and the correction should vanish if we choose the gauge condition χ = 0. Since the quadratic correction only involves the
linear-order transformation, we use
T (1) =
1
a
(
χ(1) − χ˜(1)
)
, (A34)
to find the quadratic correction for the gauge-invariant variable that vanishes if we choose the gauge-condition χ = 0.
By substituting Eq. (A34) into Eqs. (A21) and (A22), we have
χ˜ = χ− aT +H(χχ˜− χ2)− (χ− χ˜) ˙˜χ−∆−1∇α
[
2αχ(χ− χ˜),α + (χ˙−Hχ)χ,α −
(
˙˜χ−Hχ˜) χ˜,α
+(Ψ′α + 2HΨα)(χ− χ˜) + Ψα(χ− χ˜)′
]
− a2∆−1
[
1
4a2
(χ,αχ,α − χ˜,αχ˜,α) + 1
2a
Ψα(χ− χ˜),α
− 3
2a
∆−1∇α∇β
(
χ,αχ,β − χ˜,αχ˜,β
2a
+Ψα(χ− χ˜),β − (C′αβ + 2HCαβ)(χ− χ˜)
)]·
, (A35)
ϕ˜ = ϕ−HT − (ϕ˙χ + 2Hϕχ)(χ− χ˜)− 1
2
(H2 + H˙)(χ2 − χ˜2) +H2(χχ˜− χ2)−H(χ− χ˜) ˙˜χ+ 1
4a2
(χ,αχ,α − χ˜,αχ˜,α)
+
1
2a
Ψα(χ− χ˜),α − 1
2a
∆−1∇α∇β
[
χ,αχ,β − χ˜,αχ˜,β
2a
+Ψα(χ− χ˜),β − (C′αβ + 2HCαβ)(χ− χ˜)
]
. (A36)
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Collecting terms with tilde on the left-hand side, we obtain the second-order gauge-invariant variable
ϕχ ≡ ϕ−Hχ− (ϕ˙χ + 2Hϕχ)χ− 1
2
(
H˙ +H2
)
χ2 +H∆−1∇α
[
2αχχ,α + (χ˙−Hχ)χ,α + (Ψ′α + 2HΨα)χ+Ψαχ′
]
+
1
4a2
χ,αχ,α +
1
2a
Ψαχ,α − 1
2a
∆−1∇α∇β
[
1
2a
χ,αχ,β +Ψαχ,β − (C′αβ + 2HCαβ)χ
]
+a2H∆−1
[
1
4a2
χ,αχ,α +
1
2a
Ψαχ,α − 3
2a
∆−1∇α∇β
(
1
2a
χ,αχ,β + Ψαχ,β − (C′αβ + 2HCαβ)χ
)]·
, (A37)
and we check its gauge-invariance by explicitly performing transformation. The gauge-invariant variableϕχ has the property that
ϕχ → ϕ under the gauge condition χ = 0. Similar calculations can be performed to construct the second-order gauge-invariant
variable
αχ ≡ α− χ˙− α˙χχ− 2αχχ˙+ 1
2
H˙χ2 +Hχχ˙− 1
2
χ˙2 +∆−1∇α
[
2αχχ,α + (χ˙−Hχ)χ,α + (Ψ′α + 2HΨα)χ+Ψαχ′
]·
+
[
a2∆−1
[
1
4a2
χ,αχ,α +
1
2a
Ψαχ,α − 3
2a
∆−1∇α∇β
(
1
2a
χ,αχ,β +Ψαχ,β − (C′αβ + 2HCαβ)χ
)]·]·
≡ α− χ˙+ α(q)χ , (A38)
where we defined the quadratic correction terms that vanish under the gauge condition indicated in the subscript (similarly, we
also define ϕχ ≡ ϕ−Hχ+ ϕ(q)χ in Eq. [A37]).
We continue to repeat the exercise to construct gauge-invariant variables for four vectors. Perturbations to the photon wavevec-
tor and four velocity can be rearranged to define second-order gauge-invariant variables as
δeαχ ≡ δeα + 2Hχ
(
eα + δeαχ
)− χ ˙δeαχ + (H˙ − 3H2)χ2eα
−2Heα∆−1∇β
[
2αχχ,β + (χ˙−Hχ)χ,β + (Ψ′β + 2HΨβ)χ+Ψβχ′
]
−2a2Heα∆−1
[
1
4a2
χ,βχ,β +
1
2a
Ψβχ,β − 3
2a
∆−1∇β∇γ
(
χ,βχ,γ
2a
+Ψβχ,γ − (C′βγ + 2HCβγ)χ
)]·
, (A39)
δνχ ≡ δν +Hχ+ χ˙− 1
a
χ,αe
α + 2Hχδνχ − χ δ˙νχ + δνχ(χ˙−Hχ)− 1
a
χ,αδe
α
χ − χ˙2 −H2χ2 − 2Hχχ˙
+
3H
a
χχ,αe
α +
1
a
χ˙χ,αe
α −H∆−1∇α
[
2αχχ,α + (χ˙−Hχ)χ,α + (Ψ′α + 2HΨα)χ+Ψαχ′
]
−a2H∆−1
[
1
4a2
χ,αχ,α +
1
2a
Ψαχ,α − 3
2a
∆−1∇α∇β
(
χ,αχ,β
2a
+Ψαχ,β − (C′αβ + 2HCαβ)χ
)]·
−1
a
d
dλ
[
∆−1∇α
(
2αχχ,α + (χ˙−Hχ)χ,α + (Ψ′α + 2HΨα)χ+Ψαχ′
)]
−1
a
d
dλ
{
a2∆−1
[
1
4a2
χ,αχ,α +
1
2a
Ψαχ,α − 3
2a
∆−1∇α∇β
(
χ,αχ,β
2a
+Ψαχ,β − (C′αβ + 2HCαβ)χ
)]·}
,(A40)
Uαχ ≡ Uα +Hχ Uα − χ U˙α , (A41)
where the spatial part of the four velocity itself is gauge-invariant at the linear order. Finally, gauge-invariant variables for vector
and tensor in metric perturbations are
Ψχα ≡ Ψα − 2
a
αχχ,α +
1
a
(χχ˙,α −Hχχ,α)−
(
Ψ˙α + 2HΨα
)
χ−Ψα(χ˙−Hχ)
−∇α∆−1∇β
[
−2
a
αχχ,β +
1
a
(χχ˙,α −Hχχ,α)−
(
Ψ˙β + 2HΨβ
)
χ−Ψβ(χ˙−Hχ)
]
+2a∆−1∇β
[
1
2a2
χ,αχ,β +
1
a
Ψ(αχ,β) −
(
C˙αβ + 2HCαβ
)
χ
]·
−2a∆−1∇α∆−1∇β∇γ
[
1
2a2
χ,βχ,γ +
1
a
Ψ(αχ,β) −
(
C˙βγ + 2HCβγ
)
χ
]·
, (A42)
Cχαβ ≡ Cαβ + 1
2a2
χ,αχ,β +
1
a
Ψ(αχ,β) −
(
C˙αβ + 2HCαβ
)
χ− 1
3a
g¯αβ
(
1
2a
χ,γ +Ψγ
)
χ,γ
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−1
2
(
∇α∇β − 1
3
g¯αβ∆
)
∆−1
{
3∆−1∇γ∇δ
[
1
2a2
χ,γχ,δ +
1
a
Ψ(γχ,δ) −
(
C˙γδ + 2HCγδ
)
χ
]
− 1
a
(
1
2a
χ,γ +Ψγ
)
χ,γ
}
−2∇(α∆−1
{
∇γ
[
1
2a2
χ,β)χ,γ +
1
a
Ψβ)χ,γ −
(
C˙β)γ + 2HCβ)γ
)
χ
]
−∇β)∆−1∇γ∇δ
[
1
2a2
χ,γχ,δ +
1
a
Ψ(γχ,δ) −
(
C˙γδ + 2HCγδ
)
χ
]}
. (A43)
It is obvious that the second-order gauge-invariant variables are more complicated than its linear-order piece, due to the mixing
of scalar, vector, and tensor contributions. Exactly for this reason, the second-order gauge-invariant variable for tensor Cαβ
(and also vector Ψα) requires a choice of scalar gauge condition. It is noted that other choices of scalar gauge condition can be
made to construct these second-order gauge-invariant variables, and even with no vector or tensor at the linear order one needs
a choice of scalar gauge condition for second-order vector and tensor gauge-invariant variables, as scalar contributions generate
vector and tensor to the second order in perturbations.
Appendix B: Photon Wavevector
In this section, we explicitly construct second-order tetrads to derive the photon wavevector ka in the FRW frame in terms of
local observable quantities. We then clarify the relation of the photon wavevector to the observed angles (θ, φ) in the presence
of additional extra degree of freedom supplied by the conformal transformation of the metric. The basic description of the
geometric optics can be found in [57–59].
1. Second-order tetrads in the observer rest frame
Here we construct a second-order orthonormal basis in the observer rest frame defined by the observer’s four velocity ua. The
time-like velocity (−1 = uaua) of the observer defines the (proper) time-direction [et]a ≡ ua in the local Lorentz frame and its
hypersurface orthogonal to ua. Three spacelike four vectors [ei]a (1 = [ei]a[ei]a, i = x, y, z) can be further defined to serve as
spatial directions in the observer rest frame. These four orthonormal vectors are called tetrads. In the local Lorentz frame, the
metric is Minkowsky (gLµν = ηµν = gab[eµ]a[eν ]b, µ, ν = t, x, y, z), and the tetrads are simply unit vectors: [et] = (1, 0, 0, 0)
and [ei] = (0, δαi ). However, we are interested in tetrad expressions in an inhomogeneous expanding (FRW) universe with the
metric described by Eqs. (A1) and (A2).
Accounting for the expansion, the tetrads in a homogeneous universe are
[et]
a = ua =
1
a
(1, 0, 0, 0) , [ex]
a =
1
a
(0, 1, 0, 0) , [ey]
a =
1
a
(0, 0, 1, 0) , [ez]
a =
1
a
(0, 0, 0, 1) , (B1)
with the tetrad index µ of [eµ]a raised or lowered by ηµν , while the FRW index a is raised or lowered by gab.3 In an inhomo-
geneous universe, we add perturbations to describe the deviation from homogeneity, defining the observer four velocity in an
inhomogeneous universe:
[et]
a = ua ≡ 1
a
(
1 + δu0, Uα) . (B2)
With the normalization condition−1 = gab[et]a[et]b, we have the observer four velocity to the second order in perturbations
[et]
a =
1
a
[
1−A+ 3
2
A2 + 1
2
UβUβ − UβBβ , Uα
]
, [et]a = a
[
−1−A+ 1
2
A2 − 1
2
UβUβ , Uα − Bα +ABα + 2UβCαβ
]
,
(B3)
consistent with Eq. (10). The remaining spatial directions are also derived by using the orthonormality condition δij =
gab[ei]
a[ej]
b and 0 = gab[et]a[ei]b as
[ei]
a =
1
a
[
Ui − Bi + 2ABi −AUi + Ciβ
(Uβ + Bβ) , δαi − Cαi + 12 (UiUα − BiBα) + 32Cβi Cαβ
]
, (B4)
3 In the local Lorentz frame of the observer, the time coordinate xtL is equivalent to the proper time of the observer. Therefore, the path xaF of the observer
in a FRW coordinate parametrized by the proper time yields the observer four velocity ua = ∂xaF /∂xtL = [et]a. While our convention for tetrads is set
consistent with this notion ([et]a ≡ ua = −[et]a), it can be set with different sign, [et]a ≡ ua = −[et]a, which simply changes the direction of proper
time backward, leaving the construction of other spatial directions [ei]a unaffected.
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[ei]a = a
[
−Ui −AUi − CiβUβ , δiα + Ciα + 1
2
(BiBα − CiβCβα + UiUα)− UiBα] . (B5)
To ensure that our second-order construction of tetrads is correct, we reconstruct the FRW metric gab by transforming the local
coordinate xµL to the FRW coordinate xaF
gab(xF ) =
∂xµL
∂xaF
∂xνL
∂xbF
ηµν(xL) = [e
µ]a[e
ν ]b ηµν = −[et]a[et]b +
∑
i
[ei]a[e
i]b , (B6)
and check if each component of the reconstructed metric is identical to the metric defined in Eqs. (A1) and (A2).
2. Photon wavevector in FRW coordinates
The photon propagation direction is the direction orthogonal to the hypersurface defined by the same phase θ = k · xL − ωt.
The components of the photon wavevector in the local Lorentz frame are
kµL = η
µνθ,ν = (ω , k) = 2piν (1 , − nˆ) , (B7)
where the angular frequency is ω = 2piν, kL = |k| = 2pi/λ, the speed of light c = λν = 1, and we put the subscript L
to emphasize that the components are written in the local Lorentz frame (as opposed to the FRW frame). We defined a unit
directional vector nˆ for photon propagation measured by the observer, nˆ ∝ −k. The photon frequency measured by the
observer is then
− ηµνuµLkνL = ω = 2piν , (B8)
where uµL = [et] = (1, 0, 0, 0) in the local Lorentz frame. Since the photon wavevector is expressed in terms of physical
quantities (the observed frequency and angle), there are no additional degrees of freedom associated with the photon wavevector
in Eq. (B7).
Now we compute the photon wavevector in a FRW coordinate by transforming the photon wavevector in Eq. (B7) as
ka =
∂xaF
∂xµL
kµL = [eµ]
akµL , (B9)
k0 =
2piν
a
{
1−A− ni(Ui − Bi) + 3
2
A2 + 1
2
UβUβ − UβBβ − ni
[
2ABi −AUi + Ciβ
(Uβ + Bβ)]} , (B10)
kα =
2piν
a
{
−nα + Uα + niCαi − ni
[
1
2
(UiUα − BiBα) + 3
2
Cβi Cαβ
]}
, (B11)
where ni is the spatial component of the unit directional vector nˆ in a local Lorentz frame, other perturbation quantities are those
in a FRW frame, and the repeated indices indicate the summation over the spatial components.4 Because of the observer velocity
Uα and the gravitational potential A, the components of the photon wavevector appear different in a FRW coordinate, but its
physical interpretation depends on gauge choice. The spatial photon direction kα in a FRW coordinate is different from that nα
in the observer rest frame, because the observer is not at rest in the FRW frame. However, the photon frequency measured by
the observer is a Lorentz scalar, independent of frame:
− gabuakb = −ηµνuµLkνL = ω = 2piν , (B12)
which sets the affine parameter v as in Eq. (4) — Given the spacetime metric gab and locally measured observables (ν, nˆ), the
wavevector ka in Eq. (B9) is therefore completely set in terms of physical quantities.
4 Greek indices α, β are used to represent the spatial components of four vectors in a FRW coordinate, and Latin indicies i, j are used to represent those in a
Local Lorentz frame. However, as far as the summation is concerned, there is no distinction, as the three vectors in a FRW coordinate are based on the mean
three-metric g¯αβ in a flat universe (K = 0). Nevertheless, it is noted that those three vectors have different values of their components depending on frames.
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3. Normalization constant
With the conformal transformation relation in Eq. (5) and the wavevector in Eqs. (B10) and (B11), we have one degree of
freedom in the overall amplitude of the photon wavevector, given the metric tensor gab:
kˆa = Ca2ka ∝ Cνa . (B13)
While the normalization coefficient C is constant, the photon frequency measured by local observers changes at each spacetime
due to redshift and perturbations, and so does the productCνa. The conformally transformed photon wavevector can be explicitly
written as
kˆ0 = 2piCνa
{
1−A− ni(Ui − Bi) + 3
2
A2 + 1
2
UβUβ − UβBβ − ni
[
2ABi −AUi + Ciβ
(Uβ + Bβ)]} , (B14)
kˆα = 2piCνa
{
−nα + Uα + niCαi − ni
[
1
2
(UiUα − BiBα) + 3
2
Cβi Cαβ
]}
. (B15)
Noting that due to expansion of the universe the photon frequency redshifts as ν¯ ∝ 1/a in a homogeneous universe, we have the
background relation and the normalization constant as
kˆa = C¯a2ka = 2piC¯ν¯a(1 ,−nα) ≡ (1 ,−eα) , C¯ = 1
2piν¯a
=
1
2piν¯0
, eα = nα , (B16)
where ν¯ ≡ ν¯0/a and ν¯0 is a constant. Equation (B16) indicates that all the observers along the photon path measures the same
direction nα = eα (constant) and infers the same frequency ν based on the observed redshift in a homogeneous universe.
Therefore, our parametrization of the photon wavevector in Eq. (6) is completely general with perturbations described by
(δν, δeα), subject to the null condition in Eq. (9) and the geodesic equations (11) and (13). However, these perturbations are
related to the physical quantities (ν, nˆ) measured by local observers at each spacetime point with only one degree of freedom
in the overall amplitude C, arising from the conformal transformation. This can be further understood as follows. Splitting the
photon frequency and the normalization constant into the mean and its fluctuation as
ν ≡ ν¯0
a
(1 + ∆ν) , C ≡ C¯(1 + δC) . (B17)
The perturbations of the photon wavevector are related to the normalization constant as
δν(1) = −A− nα(Uα − Bα) + δC+∆ν , (B18)
δeα(1) = −Uα − nβCαβ + nα(δC+∆ν) , (B19)
δν(2) = −A− nβ(Uβ − Bβ) + 3
2
A2 + 1
2
UβUβ − UβBβ − nβ [2ABβ −AUβ + Cβγ (Uγ + Bγ)]
+(δC+∆ν)
[
1−A− nβ(Uβ − Bβ)
]
+ δC∆ν , (B20)
δeα(2) = −Uα − nβCαβ + nγ
[
1
2
(UγUα − BγBα) + 3
2
Cβγ Cαβ
]
+(δC+∆ν)
(
nα − Uα − Cαβnβ
)
+ δC ∆ν nα , (B21)
where the observed angle nα is defined in a nonperturbative way and the perturbation order in each quantity can be straightfor-
wardly understood in conjunction with those in the left-hand side. This relation explicitly shows that there is only one degree
of freedom C and the wavevector is completely set once the normalization constant is chosen. By removing the normalization
constant at each order, we derive
nα = eα + δeα + Uα + Cαβ eβ +
{
δeβ + Uβ − 1
2
eγCβγ + [δν +A+ eγ(Uγ − Bγ)] eβ
}
Cαβ −
1
2
(UγUα − BγBα) eγ
+
[
− δν −A− (Uβ − Bβ)eβ + 3
2
A2 − 1
2
UβUβ − 3ABβeβ + 2AUβeβ − 2CβγUβeγ − δeβ(Uβ − Bβ)
+δν
[
δν +A+ 2eβ(Uβ − Bβ)
]
+ (Uβ − Bβ)(Uγ − Bγ)eβeγ
]
eα − [δν +A+ eβ(Uβ − Bβ)] δeα
≡ eα + δnα , (B22)
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where we defined the perturbation δnα in the observed angle nα with respect to eα. Note that the expression is independent of
C, because it is an observable quantity, while individual components δν and δeα are affected by the choice of the normalization
constant and so is eα, because we split one observable quantity nα into the mean eα and the perturbation δnα around it.
Furthermore, the perturbation is subject to the unit normalization condition: nαnα = 1, which implies
eαδn
α(1) = 0 , 2eαδn
α(2) + δnα(1)δn(1)α = 0 , (B23)
and the orthogonality condition for another unit directional vector θˆ (and similarly for φˆ)
eαθ δn
(1)
α + δn
(1)
θα e
α = 0 , eαθ δn
(2)
α + δn
(2)
θα e
α + δnα(1)δn
(1)
θα = 0 , (B24)
where the two unit directional vectors constructed from the observed angle nˆ are
θˆ =
∂
∂θ
nˆ ≡ eαθ + δnαθ , φˆ =
1
sin θ
∂
∂φ
nˆ ≡ eαφ + δnαφ , (B25)
and a similar set for the unit directional vector eα is defined as (eαθ , eαφ).
4. Observed angle
The photon wavevector is measured by the observer, and the observed direction of the source galaxies is independent of our
choice of the normalization constant (or the parametrization of the photon wavevector). However, the observed direction is
characterized by the observed angle (θ, φ) of unit directional vector nˆ in the local Lorentz frame as
nˆ = niL = (sin θ cosφ, sin θ sinφ, cos θ) , (B26)
and these components depend on the choice of frame. For example, suppose the observer frame is moving with velocity v
relative to the rest frame (say, the rest frame of CMB). The observed angle in the rest frame is [60]
nˆ′ =
(
nˆ · vˆ − v
1− nˆ · v
)
vˆ +
nˆ− (nˆ · vˆ)vˆ
γ(1− nˆ · v) = (sin θ
′ cosφ′, sin θ′ sinφ′, cos θ′) , (B27)
where v = |v| and γ = (1 − v2)−1/2. The aberration due to the relative velocity affects the observed angle. The generalization
of this relation to the general relativistic case is the four vector of the photon direction [38]
Na = − k
a
2piν
+ ua , (B28)
which satisfies the spacelike condition NaNa = 1 and the orthogonality condition Naua = 0. Equation (B27) can be readily
derived from Eq. (B28) by Lorentz boosting the observer velocity. However, since we are interested in expressing quantities
in the FRW frame in terms of local observable (θ, φ), we have to use the relation in Eq. (B22) between the local and the FRW
components of the photon direction expressed in each frame. We use the observed photon direction in Eq. (B28) in the FRW
frame for computing the fluctuation in the luminosity distance.
Though Eq. (B22) is completely general, a dramatic simplification can be made by a choice of the normalization constant C:
While for illustration the normalization constant was split into the mean C¯ and its fluctuation δC in Eq. (B17), the normalization
constant represents only one degree-of-freedom, and it needs to be specified independent of whether the universe is homogeneous
or inhomogeneous. Our choice of the mean part in Eq. (B16) is automatically related to our choice of the perturbation part:
2piνˆ ≡ −gˆabkˆauˆb = 2piCaν
∣∣∣∣
λo
≡ 1 , (1 + δC)(1 + ∆ν)
∣∣∣∣
λo
≡ 1 . (B29)
This condition constrains the perturbations of the photon wavevectors in Eqs. (B18)−(B21) as
δν(1) = −A− nα(Uα − Bα) , δeα(1) = −Uα − nβCαβ , (B30)
δν(2) = −A− nβ(Uβ − Bβ) + 3
2
A2 + 1
2
UβUβ − UβBβ − nβ [2ABβ −AUβ + Cβγ (Uγ + Bγ)] , (B31)
δeα(2) = −Uα − nβCαβ + nγ
[
1
2
(UγUα − BγBα) + 3
2
Cβγ Cαβ
]
, (B32)
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where metric perturbations are all evaluated at the observer position xa(λo). Using Eq. (B22), we derive
eα = nα , δnα = 0 , (B33)
the two unit directional vectors of which are described by the same observed angle (θ, φ). Consequently, the other two orthonor-
mal directional vectors coincide with each other, given this choice of normalization condition:
nˆ ≡ eα , θˆ = ∂
∂θ
nˆ ≡ eαθ , φˆ =
1
sin θ
∂
∂φ
nˆ ≡ eαφ , δnαθ = δnαφ = 0 . (B34)
Equation (B15) (also Eq. [B11]) shows that metric perturbations are well separated from the observable quantities (the observed
angle nα and the photon frequency ν), such that when ensemble averaged given the observable quantities it yields the desired
relations in Eqs. (B30)−(B34). Physically, the normalization condition is a mathematical choice, and our choice yields nα = eα
in a homogeneous universe. Therefore, this relation should remain valid even in an inhomogeneous universe. This choice for
δν and δeα is found [14, 19] to the linear order in perturbations. However, we explicitly provide physical justification as to
the presence of additional degree of freedom and its relation to the photon wavevector ka. It is noted that there is only one
degree-of-freedom in the normalization constant (i.e., C¯ and δC are not independent), and other choice of the normalization
constant C is equally valid, while other choice would significantly complicate the relation between eα and nα.
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TABLE I: Symbols in the paper
Symbol Definition Equation
z observed redshift of source galaxy (20)
θ, φ observed angular position of source galaxy nˆ = (θ, φ) ·
nα unit vector in FRW coordinate for observed angle nˆ (B22)
ng , n
obs
g physical and observed galaxy number densities (2) and (3)
dVphy, dVobs physical and observationally inferred volumes occupied by source galaxies (64) and (79)
δV distortion in volume between dVphy and dVobs (64)−(66)
e1, e2 coefficients describing the time evolution of galaxy sample (84)
t1, t2 coefficients describing the luminosity function of galaxy sample (88)
δintg , δ
obs
g intrinsic fluctuation of galaxy number density, observationally constructed galaxy fluctuation (81) and (92)−(94)
xˆas observationally inferred position of source galaxies (42)
xas = (τs, x
α
s ) real source galaxy position (39)−(41) and (43)
x¯as = (τ¯s, x¯
α
s ) source galaxy position in a homogeneous universe (38)
δz distortion in observed redshift (20)
δr distortion in comoving distance from the inferred distance based on observed redshift (43)
δθ, δφ distortion in angle from observed angle (43)
∆τz(= δT ), ∆x
α
z distortion in comoving coordinate from the inferred (23) and (24)
ka photon wavevector (B9)
kˆa conformally transformed photon wavevector (5) and (B13)−(B15)
kaL photon wavevector in the observer rest frame (B7)
ν, ω frequency and angular frequency of photon (B7)
[eµ]
a orthnormal tetrads vectors (B1)−(B5)
ν¯ photon frequency in a homogeneous universe (B16)
∆̂ν perturbation part in kˆauˆa (15) and (B29)
v physical affine parameter (4)
λ conformally transformed affine parameter (5) and (17)
∆λs perturbation in conformally transformed affine parameter (27)
C normalization constant due to conformal transformation (5) and (B29)
δν, δeα perturbations in temporal and spatial components of the photon wavevector (6)
δe‖, δeθ , δeφ spatial decomposition of δeα along (nˆ, θˆ, φˆ) (76)
Na observed photon four vector in FRW coordinate (B28)
ua four velocity (10)
δu0 perturbation in temporal component of conformally transformed four velocity (10)
U
α spatial component of conformally transformed four velocity (10)
V‖, Vθ , Vφ decomposition of spatial velocity along (nˆ, θˆ, φˆ) (62)
κ gravitational lensing convergence (55)
DL, DA physical luminosity and angular distances (67) and (68)
D deformation matrix in angle (53)
δD second-order distortion in solid angle (54)
δDL fluctuation in luminosity distance (67)
χ spatially gauge-invariant metric perturbation variable (95)
ϕχ scalar gauge-invariant variable in metric tensor (A37)
αχ scalar gauge-invariant variable in metric tensor (A38)
δνχ temporal gauge-invariant variable for photon wavevector (A40)
δeαχ spatial gauge-invariant variable for photon wavevector (A39)
Ψχα vector gauge-invariant variable in metric tensor (A42)
Cχαβ tensor gauge-invariant variable in metric tensor (A43)
δrχ, δθχ gauge-invariant radial and angular distortions of the source galaxy position (108)−(110)
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TABLE II: Symbols in the paper (continued)
Symbol Definition Equation
a comoving scale factor (A1)
H , H Hubble and conformal Hubble parameters ·
r¯ comoving line-of-sight distance (17)
gab, gˆab metric and conformally transformed metric tensors (A2) and (5)
g, δg metric determinant and perturbation part (59)
g¯αβ metric tensor for a three-space in a homogeneous universe (A1)
ηµν Minkowsky metric in a local frame ·
A temporal perturbation in metric tensor (A2)
Bα off-diagonal perturbation in metric tensor (A2)
Cαβ spatial perturbation in metric tensor (A2)
α temporal perturbation in metric tensor (A4)
β off-diagonal scalar perturbation in metric tensor (10)
Bα off-diagonal vector perturbation in metric tensor (10)
ϕ scalar spatial perturbation in metric tensor (10)
Cα spatial vector perturbation in metric tensor (10)
Cαβ spatial tensor perturbation in metric tensor (10)
ξa = (T,Lα) coordinate transformation (A7) and (A8)
L, Lα scalar and vector decomposition of Lα (A8)
δΓ0, δΓα source perturbations in photon geodesic equation (12) and (14)
